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1 Wave Equation in 2 Dimensions

1.1 Bessel’s Equation
e What is Bessel’s Equation?

— a second order, non-linear, homogeneous ODE:

22y +ay + (2 =1y =0

where v is a constant
e What is Bessel’s Equation of Order 07

— Bessel’s Equation with v = 0:
22y +xy + 2%y =0
e What is the general solution to Bessel’s Equation of ORder 07

— in order to derive a solution, we employ power series
— the general solution is given by:
y = c1do(x) + e2Yp(x)
where Jo(z) is known as the Bessel function of the first kind of order zero, whilst Yy(x) is
known as the Bessel function of the second kind of order zero

e What are J; and Y)

— both are constructed as power series:

n2n

o0

=143 Gty
n+1 2n
(’}/+ln ) +Z 22"71' Hn

Yo(z) =

T
where:

* H, denotes the nth partial sum of the harmonic series:

1

* v is the Euler-Mascheroni Constant:

~v= lim (H, —Inn)
n—oo

We will now consider the wave equation in 2 dimensions, given by:

Uy = a?V3u = a2(um + Uyy)

1.2 Rectangular Membrane
For the rectangular membrane, we consider the following initial/boundary conditions:
e u(0,y,t) = u(a,y,t) =0
o u(x,0,t) =u(z,b,t) =0
o u(z,y,0) = f(z,y)
o uw(xr,y,0)=0

In other words, we consider a rectangular membrane, taut at the ends of a rectangle, with initial displacement
f(z,y) and 0 initial velocity.
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1.2.1 Separation of Variables

We assume:
u(z,y,t) = X(2)Y(y)T(t)

Plugging into the ODE:
XYT" =*(X"YT + XY''T)

Dividing through by XYT":
1 T// X// Y//
2T XY
The RHS is a function of x,y, whilst the LHS is a function of ¢. This can only be possible if each of the

ratios is constant. In other words:
X"=xX

Y// — ﬂY
T" = o*(u+ \T

1.2.2 Solving for X(x)

Consider:
X" =XX

Notice, we are subject to the boundary conditions:
u(0,y,t) = u(a,y,t) = 0

So:
X(0)Y(y)T(t) = X(a)Y ()T (t) =0 <= X(0)=X(a)=0

As we saw in Week 7, X” = AX has non-trivial solutions satisfying the boundary conditions if and only
if A < 0, in which case:
X(x) = Acos(VAz) 4+ Bsin(VAz)

After applying the boundary conditions, we can solve the eigenvalue problem, and obtain:

n2m?
Ap = 2
X, (x) =sin (@)
a

forn > 1.
1.2.3 Solving for Y ()
Consider:

Y// — MY

In the same way as above, the boundary conditions require Y (0) = Y (b) = 0, and the eigenvalue problem is
solved via:

m2m?
)\m = bT
. /mmy
Yin(y) = sin (—b )

for m > 1.
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1.2.4 Solving for T(t)

Consider: 5 s 5 o
n-mw m-m
T" = (A + )T = 2<a2+)T

2 o (P72 n m2m?
Wryp = O —
m,n a2 B2

We end up with the same ODEs as above, with general solutions:

Lets denote:

Tonn(t) = Amn €08(wWin nt) + By, sin(wp, nt)

1.2.5 Solving the PDE
We employ the principle of superposition to see that:

u(z,y,t) Z Z m,n COS(Wi nt) + B SIn(wWp, nt)) X sin (%) X sin (%)

n=1m=1

Firstly, recall one of the initial conditions:

Ut (x, Y, O) = O
In particular this implies that:
d
ﬁAm,n c08(Wp,nt) + B Sin(wWim nt) = —Chyp Sin(wim nt) + Diy oy €0S(wWip nt) = 0

Which implies:
Dy cos(wmn0) =0 <= Dy, <= Bp,=0

Hence, the general solution becomes:

u(z,y,t) ZZAmncoswmn)xsm( )xsin(?)

n=1m=1

If we now consider the final initial condition:

u(z,y,0) = f(z,y)

we get:

u(z,y,0) = ZZA’"” x51n(nam)xsin<$)

n=1m=1

This is like a Fourier Problem in 2D, and we can find A,, , analogously:

Apn = % /Oﬂ /Ob f(x,y)sin (?) X sin (%) dydx

(see here for more)

This explains why a drum doesn’t sound harmonic: the fundamental frequencies in the solution are not
multiples of each other.
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https://math.stackexchange.com/questions/211689/real-valued-2d-fourier-series

1.3 Circular Membrane

Perhaps reading this is more clear; it also contains the solution to Bessel’s Equation

We now consider a circular membrane. We change to polar coordinates:

uy = o’ (um +lu 4 12u09)
r r

given the following initial/boundary conditions:

e u(l,0,t) =0

o u(r,0,0)=0

o u(r,0,0) = f(r,0)
1.3.1 Separation of Variables
Taking u(r,0,t) = R(r)©(0)T(0):

ROT” = o*(R"OT + %R’@T + %QRG)”T

Dividing through by ROT"

AT _R IR 167 (rRY 167
2T R +rR 26O rR r2 ©

Notice, the LHS is a function of ¢, and we can make the RHS a function of r enforcing that %/ = —m?.

Then, all the ratios must be constants, so:
0" = -m?0e
2
m
(rR)' = (~ur + )R

(notice a factor of r cancels)
T" — —MQQQT
1.3.2 Solving for ©(0)

We enforce that © be 27 periodic in §. The ODE ©” = —m?20 is the same as above, which we know has
solution:
© = Acos(mf) + Bsin(mb)

for m > 0.

1.3.3 Solving for R(r)

Notice, we will require that u be bounded, so in particular R must be bounded as r — 07, and R(1) = 0
(the latter condition is derived from the initial condition u(1,6,¢)). The ODE can be written as:

2

1
R+ R + (i = %)R: 0

If we make a change of variables t = ur, we have R (ﬁ) so:

dR dR dt dR
— = — X—=— X/
dr dt dr dt
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https://www2.math.upenn.edu/~deturck/m241/wavedisk.pdf

Hence, the ODE becomes:

d’°R  udR w>m? t

2 2

fr, pen - R(~)=0

udt2+tdtxu+('u Iz i
&R 1dR m? t
dt2+tdtx'u+( t2>R<u>

Multiplying by 2 shows us that this is a Bessel Equation of order m (if m = 0, then we’d get the equation
shown at the very top), and so, it follows that, going from ¢ to r coordinates:

Dividing through by p?:

R(r) = Ay (ur) + BY,, (ur)
Y., is an unbounded term, but R must be bounded, so we enforce B = 0:
R(r) = Adpy(pr)
Recall the initial condition boundary condition R(1) = 0:
R(1)=AJn(u)=0

In other words, the eigenvalues are all the zeros of J,, fm.n, and the eigenfunctions will be R,,, =
I (o nT)-

The J,, are oscillatory, so there are infinitely manye igenvalues and eigenfunctions. Moreover, notice

that (rR)’ = (—p?r + mTZ)R is a (singular) Sturm-Liouville Problem, which means that the R,, , will be
orthogonal.

1.3.4 Solving for T(t)
For T we have the same ODE as in teh rectangular case, so we know:
Toun(t) = Cron €08(fom,n0t) + Day o SID(fhn n0ct)
Similarly, u(r, 6,0) will imply that D,, , = 0, so:
T (t) = Crin cOS(pom nact)

1.3.5 Solving the PDE

Applying superposition:
u(r, 0,t) Z Z m,n €08(mMB) + By, sin(mb)) X Jp (lmnT) X COS(fm, noet)

(we have rewritten A = A,, , and B = B,,,, in anticipation to when we compute them, and for consistency
with the summation)

As an initial condition we had that u(r,6,0) = f(r,0), so

u(r,6,0) Z Z m,n €08(mM8) + By, sin(mb)) X Jp, (fm,nT)

m=1n=1
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)

27 1
By / / f(r, 0) sin(m8) o, (fom, nr)rdrdd
o Jo

27 1
Apn X / / f(r,0) cos(mO) o, (tm nr)rdrdd
o Jo
Actual values of A,,,, and B,, ,, can be found here.

)

Again, the frequencies of each of the components in the solutions are not multiples of each other, so the

We can then show that:
sound won’t be harmonic.

=4

=1,m:

,,..f
w ,
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Figure 1: The derivation was excruciating, pedantic, repetitive and full of gaps, but at least the solutions
look good. If I look back on these notes, I wrote this severely sleep deprived at 03:20 on Friday the 19th of
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http://ramanujan.math.trinity.edu/rdaileda/teach/s14/m3357/lectures/lecture_4_3_slides.pdf

Paul’s Online Math Notes for Laplace Transform
Khan Academy’s Series on the Laplace Transform - where I first learn from
2 The Laplace Transform

2.1 Defining the Laplace Transform

Definition (Laplace Transform)
Suppose that:

1. f is a piecewise continuous function on the interval 0 <t < A for any positive A

2. there exist real constants K,a, M with K, M > 0 such that:

If(t)] < Ke™, t>M

Then, we define the Laplace Transform of f via:

LU} = F(s) = / T et iyt

given s > a.

e Are the conditions above necessary for the Laplace Transform to be defined?

— yes, otherwise the improper integral might not be defined
Proof: Laplace Transform. By the second assumption, we can bound:
FO) <1f@)] < Ke'

for t > M. But then:

L{FD} (s) = F(s) = / et < K / sttty = K / " et gy

If we integrate using the fact that f is piecewise continuous on 0 < A:

%) A
K/ =) dt = lim K [ e ®)qt
0

A—o0 0

K A
= lim {et(a_s)}
A—oco a — 8 0

[ eA(a—s)}

= lim
A—ocoa — 8

Intuitively, if a — s < 0, it is easy to see that the limit converges; otherwise, it will diverge (either
because the exponential goes to infinity, or if a — s = 0, the fraction is undefined). In other words,
for convergence we require s > a O

e What are functions of exponential order?

— a function is of exponential order if they satisfy the conditions defined above for the existence of
Lapalce Transform
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https://tutorial.math.lamar.edu/classes/de/LaplaceIntro.aspx
https://www.youtube.com/watch?v=OiNh2DswFt4&list=PL6D8DCFEAF1A468DD

2.2 Basics of the Laplace Transform
2.2.1 A Linear Operator

One of the most useful properties of the Lapalce Transform is that it is linear, meaning that we can decompose
complicated functions into its terms.

Proof: Linearity of Laplace Transform.
Lafilt) + ) = [ i) + cafa(t)i
0

=C /OO eistf1(t)dt =+ Co /OO fg(t)dt
0 0
=al{fi)} +cL{f2()}

2.2.2 Laplace Transform of Derivative

The second most useful property of the Laplace Transform is that it is easy to apply it to derivatives. We
consider a first order derivative, which can then be generalised.

Laplace Transform of Derivative.

C{F ()} = / et

If we use integration by parts:

Hence:

L= [ et

0

A— o0
= lim [f(A)e™" = f(0)] +sL{f(1)}
= —f(0) + sL{f(t)}

= lim [f()e "] +s / T petat
0

Using similar arguments we can show that, assuming each derivative can have the Laplace Transform
applied:
c{f™ )} =s"L{F®} =" 1F(0) — ... — sF"D(0) — £~V (0)

(we obtain this formula by recursively applying the theorem above. For example:)
L")} = sL{f' (1)} = (0)

= s(sL{f(1)} = £(0))

= s"L{f(t)} — sf(0)

- 1'(0)
- f(0)
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2.2.3 Laplace Transform of ¢"

By knowing this Laplace Tranform, we can find the Laplace Transform of any polynomial by linearity:

£{t”}:/ e St
0

If we apply integration by parts:

u=t" du = nt" !
dv = et v = fle*“
s

Hence:

L{t"} = /O e St dt

If we use the argument that exponentials grow faster than polynomials, it follows that:
A"
lim [—6_5‘4]
A—o0 S

L{ty ==Lty

So:

It follows that!, if we repeatedly apply this recursion:
|
L{t"} = L1}
Sn
The Laplace Transform of 1 is easy:

[’{1} = / e Stdt = —1 lim [e_St]A — _1 lim [e_SA . 1] _
0

S A—oo

Hence, it follows that:

n!
n —
LA{t"} = gn+1
2.2.4 Laplace Transform of Exponential

00
L {eat} :/ e—(s—a)tdt
0

1 A
= — lim [e_(s_“)t}
S —a A—oco 0

1
=- lim [e_(s_“)A - 1]
S —a A—=oo

1

s—a

1This all can be proven by induction, but we would require knowledge of what we are trying to prove
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https://math.stackexchange.com/questions/3409003/laplace-transform-of-tn-from-the-laplace-transform-of-1

where we have assume that s > a, as otherwise the limit would diverge.
Hence, it follows that:
1

L{eat}: s —a

2.2.5 Laplace Transform of Sine and Cosine
To save some work, we first acknowledge that:
cos(at) = Re(e')
sin(at) = I'm(e™")
Hence, we consider:
{ W} s —ia

Then:

L (at) R
{cos(at)} = e< —za)
s+ 1a
52+a2
- 32—1-(12

We can find £ {sin(at)} by considering the imaginary part. It is then easy to see that:

L {cos(at)} = ra
L {sin(at)} = 82_;_%

More on the following can be found here

2.2.6 Laplace Transform of f(ct)

£{f(et)} = / T ety ety

Consider the change of variables u = c¢t. Then:

du

1
— =c¢c — —du=4dt
dt c

20Quch!
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https://ocw.mit.edu/courses/mathematics/18-034-honors-differential-equations-spring-2009/lecture-notes-and-readings/MIT18_034s09_lec20.pdf

Hence, from u-substitution:
L) = [ e pletyar
0
= 1/ e_“(i)f(u)du
0

c

= ey (2)

2.2.7 s - shift

L{e ' f(t)} = /000 e Ste L f(t)dt
= /OO e~ T f(t)at

0
=L{f®)} (s +0)
=F(s+¢)

2.2.8 Derivative in s

C{LF()} = /Ooote“”f(t)dt

> d —st
:/0 () Floyar

= _d%/o e St f(t)dt

d
=~ LL{D} ()
= —F'(s)

2.2.9 Laplace Transform of " f(t)

We saw above that:
L{LF()} = —F(s)

Consider:
c{tft)} = /DO t2e St f(t)dt
0
/OO d2 —st
d2 > —st

= L))
— F//(S)
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where we have use the fact that:

Overall, it follows that:
L{t"f(t)} = (—1)"%11 {Ff(®)} (s) = (—1)"F™(s)

2.2.10 Laplace Transform of Products of Exponentials and Cosines/Sines

As we will see, when applying the Laplace Transform to an ODE, we obtain solutions as algebraic expressions,
typically rational. It is thus useful to consider these products, as means of reversing said rational fractions.

; _ gy S5=b
L {e" cos(at)} = L {cos(at)} (s —b) = G_b2+a
L{e" sin(at)} = L {sin(at)} (s — b) = (s—b;ﬁ
L {t”ebt cos(at)} = (—l)annnﬁ {ebt cos(at)} = (_1)715?;(8_55)_2()4_&2

2.2.11 Laplace Transform Table

A very nice, thorough Laplace Transform Table
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()= {F ()

i
o i ig"”%uﬁ

11.

13:

15

17.

19.

21

23.

25.

27
29.

31.

3.

35.
37.

1

T s L

Jr

sin(at)

tsin(at)
sin(at)—at cos(ar)
cos(at)—atsin(ar)
sin(at +b)
sinh(ar)

e” sin(bt)

e“ sinh (bt)

e’ on=12.30

u,()=u(t-c)

Heaviside Function

w (1)1 (1=c)
/(1)

1
;f(f)
J.;f(t—r)g(r)dr

1(t)
a0

e
Table of Laplace Transforms
F(s)=2{f (1)} f()=2"{F(s)}
1 2_ eal:
5
I
;:il 4. tk P> -1
ﬁ e e
25t
a
o 8. cos(at)
2as
(s +a2]2 10. tcos(at)
2 3
E faz): 12. sin(at)+atcos(at)
s(s*-a?
( 2) 14. cos(at)+atsin(at)
(sz +az)
ssin(b)+acos(b) i cofaid)
s +at
< faz 18. cosh(ar)
. 0. e cos(bt)
(s—-a)2_+bx 20 e COS(
—b_' at h{bf)
(s—a)z -b* LeNE
n!
(S_a)rﬁl 24. f(Ct)
e 2. &(t-c)
5 : Dirac Delta Function
e “F(s) 28. u, felale) v
F(.s—c) @7 I‘ff(t), f:_:l?:?,3,.".:_‘
["Pu)au |32, [ f(v)dv
F(s)G(s) 34, f(t+T)=1(¢)
sF(s)-f(0) 36 ()

__eg{g(t+e))

(sz +a2)2
s(sz+3a2)
(s* +af2)2
scos(b)—asin(b)
s +a°
s

P —a

s—a
\[s—a) +b*

s—a
(s—a)z—b2

=

—CF

e

(1) Fs) )

o

J-;e"" f(t)dt

1-e™"

$°F(s)-sf (0)-1'(0)

SHF(s)_Sn—lf(U) _Sn-zj-f(o). .._Sf[n-Z) (0) _f(u-l) (0)

2.2.12 The Inverse Laplace Transform

e Is the Laplace Transform unique?
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— it can b ehsown that if f and g are continuous functions, and:

LAf} =LA}

then:
=y

e What if f and g are only pointwise continuous?

— then it is possible that f and g are distinct, but:
L{f}=L{g}

— this is a consequence of the fact that at the points of discontinuity, f and g can be defined in
different ways

e What is the Inverse Laplace Transform?

— an operator, which given F(s) return f(¢). In other words:
LTHF(s)} = f(t)
e Is the Inverse Laplace Transform a linear operator?

— the Inverse Laplace Transform is also linear
— if:
A@)=LTHE(s)} o falt) = L7HEFu(s)}

Then, the function:

f(t) = fi(t) + fo(t) +... + fu(t)
has a Laplace Transform F(s) given by:

F(s)=Fi(s) + Fa(s) + ...+ F,(s)
— by the Uniqueness of the Lapalce Transform, we can write:
f@) =L F(s)) = L7HF1(s)) + L7HF2(8)) + ... + LTH(Eu(s))
e How can we find the Inverse Laplace Transform?

— there is a formula available, but it requires knowledge of complex analysis

— it is just easier to look at the table of Laplace Transforms. For example,

_ a .
£t {32 n a2} = sin(at)
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2.3 Partial Fraction Decomposition

S.no | Rational Fraction Partial Fraction
. px)+q A + B
(x—a)x—b) x—a) (-b)
5 p(x) +4g Ay . Az
’ (x — a)? x—-a) G-a?
3 x> +gx+r A + B + C
) (x — a)x — b)(x —¢) x—a) x-=b) (x—-0
Xt +gx)+r Ay Ay B
* (x — a)®(x — b) (x—a) i (x — a)? " (x—b)
5 P +gx+r (xfa) +Bx+C
) (x—a)(x? +bx+c¢) (x2 + bx +¢)

2.4 Laplace Transform for Solving ODEs
e What is the result of applying the Laplace Transform to an ODE?

lets consider a second order, linear, non-homogeneous ODE:
ay” +by' +cy = f(t)
— if we apply the Laplace Transform to the LHS:

LA{ay" +by +cy} =al{y"} +bL{y'} +cL{y}
= as’L{y} — asy(0) — ay’(0) + bsL {y} — by(0) + cL {y}
= L{y} (as® +bs + ¢) — y(0)(as + b) — ay’(0)

— let F(s) = £{f(1)}
— then, the ODE becomes:

L{y} (as® +bs + ¢) — y(0)(as +b) — ay'(0) = F(s)

— solving for £ {y}:
_ F(s)+y(0)(as +b) + ay'(0)
Llyt= as® +bs+c

— notice the denominator is the characteristic polynomial of the ODE

— we can then solve this by finding the Inverse Laplace Transform, which is usually done by em-
ploying partial fraction decomposition

e Why use Laplace Transform instead of standard methods?

1. It turns solving the ODE into an algebraic equation in s, which is easy to solve

2. Solutions involving initial conditions are embedded in solutions using Laplace Transform by the
presence of y(0),4(0),. .., so less steps

3. In solving non-homogeneous ODE, we don’t need to compute the homogeneous ODE and then
find a particular solution

4. The method is generalisable for higher-order ODEs
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3 Examples
1. Solve the ODE:
y' '~y —2y=0
satisfying y(0) = 1,4/(0) = 0.

Applying the Laplace Transform, we get:
s—1
£ —_ —
W=a-—"1-

where we have used:

e a=1
e hb=c=-1
e F(s)=0
e y(0)=1
e y'(0)=0
Notice
s2—s5—2=(s+1)(s—2)
Thus: )
5 —
L =
v} (s+1)(s—2)
Lets apply partial fraction decomposition:
s—1 A . B
(s+1)(s—2) s+1 s—2
s—1 _ As—-2A+Bs+ B
(s+1)(s—2)  (s+1)(s—2)
= 1=A+B
—-1=B-2A
2
1
—1=-+18B B=-
3 + 3
Hence: . 5 1 L1
5 —
£ = = - —
(v} s2—5—2 3s—|—1+35—2
and so, recalling that:
1
£ at —
==
it follows that:
g 2oty Lo
3 3

2. Solve the ODE:
y" +y = sin(2t)

subject to y(0) =2,4'(0) =1
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Applying the Laplace transform:

£{}—ﬁ+25+1_2+233+83+s2+4_253+82+88+6
SR R P § TP P A § [ )

We then consider partial fraction decomposition:

2$3+32+85+6_A3+B+05+D
(s2+1)(s2+4)  s2+1 s2+4
263+ 52 +85+6  (As+ B)(s*+4)) + (Cs+ D)(s* + 1)

(SP+D)(s2+4) (2 + 1)(s2 + 4)
2534+ 52 +8s+6 As®+4As+ Bs?+4B+Cs>+Cs+ Ds*>+ D
2+ D)2 +4) (57 + 1)(s2 +4)
25+ 5248546 s*(A+C)+s*(B+D)+s(4A+C)+ (4B+ D)
(s2+1)(s2+4) (s2+1)(s2+4)
= A+C=2
B+D=1
4A+C =8
4B+ D=6

Substracting the 3rd equation from the first equation:

3A=6 = A=2
So A+ C' = 2 implies:
C=0

Substracting the 4th equation from the second equation:

3B=5 = Bzg

So B+ D =1 implies:

Thus:

L{y}:253+32+85+6

(s2+1)(s2+4)

2s+32 -2
_s2+i+s2—i4

L, s 51 12

3s2+1 35244

s2+1

But recall:
s

52 + a2
a
52+ a2

L {cos(at)} =

L {sin(at)} =
Hence, it follows that:

) 1
y = 2cos(t) + 3 sin(t) — 3 sin(2t)
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