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Based on the notes by Susan J. Sierra, Section 5.1

1 Abelian Groups from Direct Products

1.1 Internal Direct Products
1.1.1 Definition: Internal Direct Products

Let G be a group, with H, K <G. Then, G is the internal direct prod-
uct of H and K if:

1.
G=HK ={hk|he H ke K}
2.
HNK ={e}
.

Vhe Hke K,  hk=kh

A more general statement can be found here, where for a internal direct product, given H;,i € [1,n]
subgroups of G we require that:

1. G=HH,...H,
2. H1<1G
3. ﬁi:HlHQ...Hi,1H1+1...H7L — HZQI:IZ:{G}

and they show that the commutativity condition h;h; = h;h; follows from the above properties.

1.1.2 Theorem: Internal Direct Products are Isomorphic to External Direct Products

Let G be a group with H, K < G, such that G is an tnternal direct prod-
uct of H and K. Then:
G=HxK

More generally, if G is a internal direct product of n groups H;, then:

G=H xHyx...x H,
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We prove the claim for n = 2, with the more general claim following by an inductive argument.

Define a homomorphism:

¢:Hx K —G
via:
¢(h, k) = hk
We claim that ¢ is an isomorphism.
@ Injectivity
Let (h,k) € ker(¢). That is:
o(h,k)=hk=c¢
This is true if and only if:
h=k*

But H, K are subgroups, which are closed under inverses, and since H N K = {e}, we know that h ¢ K
unless h = e. Hence, we must have that:
(hv k) = (67 6)

Thus, ker(¢) = {e}, and ¢ is injective.
@ Surjectivity
Let g € G. Since G is an internal direct product, 3h € H, k € K such that:
g = hk

Hence:
o(h,k) =g

and ¢ is surjective.

@ Homomorphism
Let (hl,kj), (I’Lg,k‘g) € H x K. Then:

O((ha, k1) (h2, k2)) = d(hiha, kiks)
= (haho)(k1kz)
= (h1k1)(hoka), (since hk = kh by assumption of IDP)
= ¢(h1, k1)@ (h2, k2)

so ¢ is a homomorphism.

Thus, we have shown that ¢ defines an isomorphism, and so:
HxK=G

as required.
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1.2 Constructing Abelian Groups from Sylow Subgroups
1.2.1 Lemma: Order of Group Products

Let H, K be finite subgroups of G. Then:

[H|| K]

] = L
HE] |HNK]|

Proof. We can partition HK by using cosets:
HK = UpeghK
This is because clearly K < H, and any element hk € HK must belong to a given coset hK.

Since cosets are either identical (h1 K = h{K) or disjoint (h1 K N hoK = (), we see that |H K| will be
defined by the number of distinct cosets of K.

Let’s assume 2 cosets are equal. That is, we have for h,h' € H,h # I':
hK =h'K = KW 'heK
By subgroup closure h'~'h € H, so we must have:
R'he HNK

Moreover, Vk € K, defining h/ = hk ensures that h’'K = hK. In other words, for each element h € H, if
h € HN K, we are overcounting it by a factor of |H N K| (since there are |H N K| many elements ensuring
that if A’ € H N K, then 3k € K such that h’ = hk, so we will have equal cosets). Hence, the total number

of distinct cosets will be:
|H]|

|H N K|
Since each coset is such that |hK| = | K], it follows that:
|HI K|

HK|= —1—+
| | |HN K|

as required.

1.2.2 Lemma: Order of an Element as the Greatest Common Divisor

Let G be a group and g € G. If:

g =9’ =e

then:

ggcd(a,ﬁ) —e
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Proof. Recall Bezout’s Lemma, which states that if d is the greatest common divisor of x,y € Z, then a,b € Z
such that:

ax+by=d
Hence:
ggcd(owﬁ) — gaa+bﬂ
_ gaagbB
= (™) (")’
= %’
=e

as required.

We are now ready to prove the main theorem of this section: we can deconstruct finite abelian groups by
using its Sylow subgroups.

1.2.3 Theorem: Abelian Group is Isomorphic to Direct Product of Sylow Subgroups

Suppose that A is a finite abelian group of order n, where:

k
o=
=1

where p; are distinct primes, and s; € N.
Let A, be the unique Sylow p;-subgroup of A.
Then:

A=A, XAy, x...xA

Pr

(Theorem 5.1.3)

Notice, here we are saying that Ay, are unique. This is due to the fact that G is abelian, so any subgroup
H is normal:

gHg ' =99 'H=H
so by Sylow II, it follows that n,, = number of conjugate Sylow p; subgroups = 1.
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Proof. If we can show that G is an internal direct product of its Sylow p-subgroups, then by the Theorem
above, G will be isomorphic to the direct product of its Sylow p-subgroups.

Notice, the Sylow p;-subgroups are automatically normal by definition (since they are unique), so this
satisfies property 2 of IDPS.

We now claim that if A=A4,, ... 4, ,A . Ap, , then:

Pit+1 "

A, N A= (e}

We do so by induction. In the case k = 2, we only have 2 Sylow p-subgroups, so we consider A,, N Ap,.
Ifge A, NA,,, then:

g (= Ap1 — g‘Apll — gpil —e
gE Ay, = ghnl=gr" =¢
But then, by the Lemma above, it follows that:

s s
gycd(pl1 %) — ¢

But since pi, ps are prime, they (and their powers) will be coprime, so g* = e and g = e. So we verify the
case k = 2.

Now, assume true for k = m, and consider the case k = m+1, where g € A;NA. By inductive hypothesis,
we know that ﬂm+1 A, = {e}. In other words, by the Lemma on the order of product groups:

j=1,j#i 1p;
m+1 m+1
S5
A= I 14,1= I »
j=1.5#i j=1.5#i
Then: 5y
geEA, = g’ =e
geEA = g sy S e
But then:

L e
90d<9p1 T P/) -
g =e

and since all the values are coprime, we again get g' = e. Hence:

Api ﬂA = {6}

and thus, we have proven property 3 of IDPs.

We now need to show that:
G=A4,A,, ... 4,

Notice, since:
Ap Ay, . Ay, <G

it suffices to show that:
|G| = |Ap, Ap, - .- Ap, |
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But notice, since we have property 3 proven, we know that:

S0:

k
m Api = {6}

4, ¢
|Ap1Ap2 cee APk' = H
NF, A Faie

‘zlp‘

Hence, we also have property 1.

Hence, G is a internal direct product of its Sylow subgroups, and so:

A=A, xAp, x ... x Ap,

as required.

O

1.3 Theorem: Abelian Group of Prime Power Order is Isomorphic to Direct

Product of Cyclic Subgroups

Let A be an abelian group with prime-power order:
Al =

Then, A is tsomorphic to the direct product of cyclic subgroups
with orders:

where:

and:
S
E € =N
i=1

This product is unique up to reordering of the factors.
(Theorem 5.1.4)

1.4 Corollary: Fundamental Theorem of Finite Abelian Groups (I)

Let A be a finite abelian group. Then, A is a direct product of
cyclic groups of prime power order. This product is unique up to

reordering of the factors.
(Corollary 5.1.5)
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Proof. We can decompose A into a direct product of its Sylow p-subgroups, each of which with order p;*.
By the above Theorem, we can then further decompose each of the Sylow p-subgrouops into a direct product
of cyclic subgroups with orders pfj . Hence, we can decompose A into a direct product of cyclic groups of
prime power order, as required. O

1.5 Theorem: Chinese Remainder Theorem

Let m,n be non-zero coprime integers. Then:

Con =2C,, x C,

(Theorem 5.1.6)

This theorem was stated without proof in week 1

Proof. Let:

and define the following homomorphism:

via:

This is a homomorphism, since:

a’t +ra le +ra )

P(r1+12) = (

= (ajay, by, b3)
= (af, 7)(a27b7)
B(r1)9(r2)

Now, consider the kernel of ¢. In particular, r € ker(¢) if:

o(r)=(e,e) <= a"=b"=e

In other words, r must be the smallest natural number which is a multiple of both m and n (which are the
respective orders of a and b). In other words:

r = lem(m,n)

But m,n are coprime, so:
r=mn
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Hence:
ker(¢) = mnZ

Now, we apply the First Isomorphism Theorem:
Z/mnZ = im(¢p)

But notice:
Z/ng = Zimn = Ciin

Moreover:

so it follows that ¢ must be an isomorphism, and so:
Con =2 Crpy x Cy

as required.

1.6 Corollary: Fundamental Theorem of Finite Abelian Groups (II)

Any finite abelian group A of order n can be written as a direct prod-
uct of cyclic groups:

A=Cph X Cpy X ... X Chp,
where:
o Vie[l,s—1] n; | Mit1
o [[_ini=n

This product is unique up to reordering of the factors.
(Corollary 5.1.8)

1.7 Worked Examples
1.7.1 Decomposing the Cyclic Group of Order 100

Consider the cyclic group Cigo. We have 100 = 22 x 52, so Sylow I tells us we should expect a Sylow
2-subgroup of order 4, and a Sylow 5-subgroup of order 25.

By the Fundamental Theorem of Finite Abelian Groups (I), we can write Cigo as a direct product of
prime power subgroups. This gives us the 4 following possibilities:

e C4 x Coy

o (5 x Oy x Oy

e (5 x Oy x Oy x C
e Oy x (U5 x (s

By the Fundamental Theorem of Finite Abelian Groups (IT), we can also write Cgg as a direct product
of mutually “divisible” cyclic groups. Indeed, using the Chinese Remainder Theorem, we see that:
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o (4 x Cy5 = Chgo

o Oy x Oy x Cy5 =2 Cy x Cxg

e Oy x Uy xCs x C5 =2 Cig x Cho
o Oy x O5 x C5 2 Cs x Cog

1.7.2 Finding Abelian Groups of Order 540

The following is an exercise from the August 2019 exam

e Up to isomorphism, how many abelian groups are there of order 5407 Give 2 different
lists of these groups, using the 2 versions of the Fundamental Theorem of Finite Abelian
Groups, and indicate which groups on the 2 lists are isomorphic?

e Let A be an abelian group of order 540 which has no elements of order 20 or 18. How
many elements of order 30 does A have? Justify your answer with a proof.

Assume A is an abelian group of order 540. We can write:
540 =2 x5x6x9=22x3%x5

so A has 3 Sylow subgroups: a Sylow 2-subgroup of order 4, a Sylow 3-subgroup of order 27 and a Sylow
5-subgroup of order 5.

By the Fundamental Theorem of Finite Abelian Groups (I), we can write A as a direct product of prime
power orders. Thus, we get the following options:

e Oy x Uy x Cx

o (5 x Uy x Uy7 X Cx

e Oy xC3 xCqxCsxCs

o (5 x (9 x (O3 x (O3 x (O3 x (s
e (4 x U3 x (g x (s

e Cy x (Cyx(C3x Oy xCs

(these are unique up to reordering, so these are the only possible options)

By using the Chinese Remainder Theorem, we get the cyclic groups from the Fundamental Theorem of
Finite Abelian Groups (II) (recall, the order of the cyclic subgroups must divide each other):

o Cy X Oy x C5 = Crag

o Oy x Cy x Co7 x C5 =2 Cy x Carg

e Oy x (O3 xC3x(O3xCs=Cq3xCsx Cg

e Oy x Uy x(C3x(O3xC3xCs=C3xCqx Cy
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.C4XC3><09><C5§C3X0180
OCQXCQ><C3><CQXC5§OGXOQO

Now assume that |A| = 540 and that A has no element of order 20 or 18. By CRT, elements of order
20 arise as a result of Cy x C5, whilst groups or order 18 arise as a result of Cy x Cy. This means that the
following groups can’t be A:

o Oy x Uy x Cx
e Oy x (U3 x (O3 x(C3xCh
o (y x U3 x (Cg x (s
e Coy x Uy x(C3x Oy xChy
This leaves only 2 possibilities:
e (5 x Uy x Oy X Cy
o Oy x Uy xCz x (O3 xCsxChs
But now, we require a group with elements of order 30. We see that the only group satisfying this is:
Cyx Oy x (O3 x (O3 x(C3xC5=C3 x Cg x Csg

since:

CQXCQXC27><C5§CQXC270

The elements of order 30 arise from the direct product:
(CQ X CQ) X (03 X 03 X 03) X 05

From Cj, there are 4 possible elements of order 5 (discounting the identity). From C5 x C3 x C3, we get
26 elements of order 3 (discounting the identity). Finally, from Cy x Cy we have 3 elements of order 2
(discounting the identity). Thus, we have:

4 x3x26=312

elements of order 30.

2 The Exponent

2.1 Definition: The Exponent of a Group

Let G be a group. We denote with e(G) the exponent of G. e(G) is the
least common multiple of the orders of the elements of G

For example, in Ss the elements have order 1, 2 or 3, so e(Ss) = 6.
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2.2 Lemma: Exponent Bounded by Group Order

For any finite group G':
e(G) < |G

Proof. Let G be a group. By Lagrange’s Theorem, the order o(g) of any element g € G divides |G|. If all
the orders of the group are coprime (ignoring group elements with repeated orders, since repeated orders
won’t contribute to changing the lem), then:

e(G) = |G|
(this is the case of S5 shown above)

Otherwise, there are at least 2 elements g1, g2 such that o(g;) # o(g2) are not coprime. WLG, we can
assume 0(g2) > 0(g1), which means that:

e(G) < |G|
This is because the lem of the remaining elements will be the product of all the (distinct) orders, call it ¢;
however, lem(o(g1), 0(g2)) = o(g2) < o(g1)o(g2). Thus:

e(G) =l x 0(g2) < £ x o(g1)o(g2) < |G|
(for example, in Dy group elements have order 1,24, so e(Dy) = 4 # 8)
O

2.3 Lemma: Abelian Groups Contain Elements with Order which Divides Ex-
ponent

Let A be a finite abelian group.
If k divides e(A), then:
dge A : o(g) =k

Proof. Say that km = e(A), and a € A has order e¢(A). Then:
CLG(A) —e — (am)k —e

so a™ € A is an element of order k

The above Lemma is really useful for “filtering” out abelian groups if we have some group order restriction.
For example, in the problem above with abelian groups of order 540, we found the following possibilities:
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o Uy x Cyr x C5 = Csyp

OQXCQXCQ7X05§CQXCQ7O

Cyx(C3xC3x (O3 xCs=C35xCzx Cgy

o (o x Uy x (O3 x(C3xC3xCs=(C3xCgxCyp
o C; x C3 x Cy x Cr=2C3 x Cigo

o (3 x Uy x U3 x U9 x Oy =2 (Cg x Coo

We imposed the restriction of having no group of order 20 or 18. Consider, for example, Cg X Cyg. It is
immediate that the exponent of this group is 90 (we imposed that if A = Cp, X Cpy X ... X Cy,, thenn; | 111,
so ng must be divisible by all previous group orders, and each such group contains an element of order n;,
so ng must be the lem).

This then tells us Cg x Cog will have elements of orders which divide 90, namely:

1,2,3,5,6,9,10, 15, 18, 30, 45, 90

so Cg x Coo will contain an element of order 18.

2.4 Lemma: Abelian Groups Contain Elements with Exponent Order

Let A be a finite abelian group.

Then A contains an element of order e(A).
(Lemma 5.1.11)

Proof. First, assume that A is a group of order p™, where p is prime. Let a € A be such that:
o(a) =p°, s<m

such that a is the element of highest order. Then, by Lagrange’s Theorem, any other element of A must
have order:
P, s<t

Hence, it follows that e(A) = p®.

Now, consider a general abelian group A. We can decompose A into a direct product of its Sylow

p-subgroups:
k

Al=n=]]pr = A=A, x...x4,
i=1
Now, let a € A, x ... x A,,. Each subgroup has coprime order, so by the Chinese Remainder Theorem we

know that: i

a=(ai,...,a;) = ola)= HO(ai)

i=1
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Now, pick the components of a, such that a; is the element of greatest order in A,,, say o(a;) = pi Then:
e(4p,) = o(ai) = pj;’

In particular, any element in A must have order less than or equal to:

k
[t
i=1
(since the orders are all coprime), and so:
k
e(4) = sz'i
i=1

and thus, a € A is an element of order e(A) as required.

2.5 Corollary: Abelian Group with Exponent Order is Cyclic

If A is a finite abelian group with:
e(4) = |A]

then A is cyclic.
(Corollary 5.1.12)

Proof. Since e(A) = |A|, then Ja € A such that o(a) = |A| by the Theorem above. But then, this is true if
and only if A is cyclic (the subgroup generated by a has order |A|, so (a) = A, and A is cyclic). O

2.6 Theorem: Subgroup of Multiplicative Field is Cyclic

Let A be a finite subgroup of the multiplicative group:
K* = K\ {0}

of a field K. Then A is a cylic group.

In particular, K* will be cyclic.
(Theorem 5.1.13 & Corollary 5.1.14)
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Recall, a field is a non-zero, commutative ring, where each non-zero element has a multiplicative

inverse. Moreover, a ring is a set:
(Rv +, )

such that:
1. (R,+) is an abelian group, with identity Og
2. (R,-) is a monoid:
e multiplication is associative
e there is an identity element 1r:
Vo€ R, a-lg=1gp-a=a
3. distributive laws hold in R:
a-(b+c)=(a-b)+(a-c)
(a+b)-c=(a-c)+(b-¢)

Proof. Since K is a field, in particular it is a commutative group under multiplication, so any subgroup will
also be commutative. Thus, A will be abelian.

Now, define:
e=e(A)

Since e is the lowest common multiple of the order of all group elements, we must have:
Ya € A, a®=1
(1 is the multiplicative identity)

In particular, working with the ring of polynomials over K, K[X], it follows that all the elements of A
are roots of:
X¢—-1€ K[X]

Since X¢ — 1 has at most e roots, it follows that:
Al < e

But recall, a property of the exponent is that e < |A|. Hence, we must have that e = |A|. By the Corollary
above, A must be a cyclic subgroup, as required.

O
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