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1 Continuity of Functions on R

1.1 Defining Continuity of Functions
e What is function continuity at a point?

— consider a function f:
fiodom(f) = R, dom(f) CR

— f is continuous at a € dom(f) if there is a sequence (x,) with all its terms in dom(f), such
that:
lim =z, =a
n—oo
— if f is continuous at a, then
lim f(zn) = f(a)

n—oo

e When is a function continuous on an interval?

— whenever f is continuous at every point of some interval S C dom(f)

1.2 Theorem: Epsilon-Delta Definition of Continuity

Let f be a function defined on dom(f) C R, such that:
f:dom(f) - R

Then, f is continuous at a pointa € dom(f) if and only if Ve >
0, 30 > 0 such that, if x € dom(f) and |z — a| < J, then:

[f(x) = fla)] <e
This definition is equivalent to the one above. [Theorem 1.12]

Proof: Equivalence of Continuity Definitions. Assume that f is such that if € dom(f) and |z —a| < § then
|f(z) = f(a)] <e, for all € > 0.

Take any sequence (x,) in the domain of f such that z, — a. Then it follows by the definition of the
limit that for any § > 0, we can always find some N € N such that if n > N then:

|z, —al <9
But this satisfies our assumption about f, so it must be the case that if n > N we have:
|f(zn) — fla)| <e

But then, it follows that f(x,) — f(a). Hence, we have shown that if f satisfies the epsilon-delta condition,
it satisfies the original definition of continuity.

Now, assume that continuity according to the original definition follows, but the epsilon-delta condition
is not satisfied.
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This means that e > 0 such that V6 > 0, if z € dom(f) and |z — a| < §, then:

[f(z) = fla)| = €

What this means is that for each n € N, we have z,, — a, but it can’t be the case that f(z,) — f(a)
since |f(z) — f(a)] > . But this shows that f can’t be continuous at @, which contradicts our initial
assumption. O

1.3 Properties of Continuous Functions
e Is the combination of continuous functions always continuous?

— in general yes. Let f, g be functions on the R, continuous on the same interval. Let oo € R. Then,
the following are continuous:

* af
* f+g
* fg

1.4 Theorem: Composition of Continuous Functions is Continuous

If A, B C R, and:
f:A—=>R

g:B—R

and:

fl(A)CB

then if f, g are continuous, go f : A — R is continuous.
In general, if f is continuous at a, and g is continuous at f(a), then, go f
is continuous at a. [Theorem 1.11]

Proof: Continuity of Composition at a Point. Since f is continuous at a, there exists a sequence (a,) in
dom(f) such that a, — a implies f(a,) — f(a). Moreover, g is continuous at f(a), which implies that
9(f(an)) = g(f(a)) (here f(ay) is our sequence in dom(g)). But then we have shown that if a,, — a, then
9(f(an)) = g(f(a)), which means that g o f must be continuous at a.

For more examples, this Stack Exchange post. O

1.5 Theorem: Bolzano’s Theorem

Bolzano’s Theorem states that if a function is continuous on a closed interval, and at some point of the
interval the function changes signs, then the function must have been equal to 0 at some point.
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Let f be a continuous function on the closed interval [a,b], and sup-
pose that f(a)f(b) < 0 (that is, f(a) and f(b) have opposite signs).
Then, 3c € (a,b) such that f(c) = 0. [Theorem 1.13]

We give 2 proofs: one from the notes, and one from Milefoot.

Proof: Bolzano’s Theorem (Notes). Assume that f(a) <0, f(b) > 0 (the other case is analogous).

Define the set S as:
S = {z|z € [a,0], f(z) <0}

Clearly a € S, as f(a) < 0, so S is non-empty. Moreover, S is bounded above by b. Thus, by the
Completeness Axiom, dc¢ € R such that supS = c.

We claim that f(¢) =0

To prove this, we first show that a < ¢ < b (so ¢ € (a,b)). Since f is continuous on [a, b], we know that if

2 gets arbitrarily close to a, then f(x) will be arbitrarily close to f(a). In other words, if € = @, we can
always find some ¢ > 0 such that if z € [a,a + §), then:
fla
£(&) ~ fla)] < e = L]

Bt the (o) £(a) o

a a a

f@) 2 < @y < sy + P — iy < 19 <

since f(a) + ‘fgia)‘ = f(;), as f(a) is negative, but |f(a)| is positive. But then we are saying that if

x € [a,a + 6), then f(z) < 0. Thus, we have shown that there are elements in S greater than a, so in
particular the supremum must be greater than a:

c>a+d>a

Using similar arguments, we can show that ¢ < b — § < b. Thus, it follows that a < ¢ < b as required.

Now, since f is continuous on [a, b] it is continuous on ¢, so in particular, by the definition of continuity,
for all € > 0, we can find a § > 0 such that if |z — ¢| < §, then |f(x) — f(¢)] < e.

Now, let 1 € SN(c—J,¢). Since ¢ is the supremum of S, by the approximation property of the supremum,
there must exist at least one such x;. Thus, we have f(z;) <O0.

Similarly, let 25 € SN (¢,c+ ). Since ¢ is the supremum of S, and a2 > ¢, it follows that f(z2) > 0,
since xo & S.

Since |f(x) — f(c¢)| < e, then f(z) —e < f(¢) < f(z) + . Then, using z; and zo, and the fact that
f(z1) <0 and f(zz2) > 0, it follows that:

—e< flag) —e< fle) < f(x1)+e<e

Thus, we have shown that |f(c)| < e for any e, which means that f(c) = 0, as required.
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Proof: Bolzanos Theorem (Milefoot). As above, assume that f(a) < 0, f(b) > 0 (the other case is analogous).

Define the set S as:
S={z|xé€la,bl], f(z) <0}

Clearly a € S, as f(a) < 0, so S is non-empty. Moreover, S is bounded above by b. Thus, by the
Completeness Axiom, dc¢ € R such that supS = c.

There are 3 possibilities:
e f(c)>0
e f(c)=0
o f(c)<O

We consider each of these separately.

Assume f(c) > 0. From continuity, we can fix e; = 1o Then, we can find some ¢; > 0, such that if
|z — ¢| < 61, then:

£@) - £ < L2
But this then implies that: © @
fle 3f(c
o <=

which means that if x € (¢ —d1,¢+ 1), f(x) > 0. This however contradicts the fact that c is the supremum
of S, as for example ¢ — %1 is less than ¢, and still an upper bound of S (as f (c — %1) > 0).

From similar arguments, it is easy to see that if f(¢) < 0, then if z € (¢ — o2, ¢ + d2, we'd find that
f(z) < 0, which would contradict the fact that ¢ is the supremum, as ¢ + %‘ is an element larger than c,
which is still in S.

It must thus be the case that f(c) = 0, as required.

If f(a) > 0 and f(b) < 0, we can just define the function g(x) = —f(x), where g is continuous on [a, ],
g(a) < 0, g(b) > 0, from which it follows that we can find some ¢ € (a,b) such that g(c) = 0. But then,
f(e) = —g(e) =0, as required.

O

1.6 Corollary: The Intermediate Value Theorem

The Intermediate Value Theorem can be thought of as a corollary of Bolzano’s Theorem (or viceversa).
It states that if a function is continuous on some interval, then the function must attain every value between
the bounds of the interval. The following proof is also taken from Milefoot. In the notes, the Intermediate
Value Theorem is taken as Bolzano’s Theorem.

Let f be a continuous function on the closed interval [a,b]. If L € R,
and L is strictly between f(a) and f(b), then 3c € (a,b), such that f(c) =
L. [Not in Notes/
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Proof: The Intermediate Value Theorem. Let f be a continuous function on [a,b]. Let L € R, such that L
is strictly between f(a) and f(b).

Define the function g(x) = f(x) — L. g¢ is continuous on [a,b]. Since L # f(a) and L # f(b), and L is
strictly greater than one of them, and strictly smaller than the other, it must be the case that g(a)g(b) < 0.

But then, by Bolzano’s Theorem, 3¢ € R such that ¢ € (a,b), and g(c) = 0.
But if g(¢) = 0, this then implies:
fl)=L=0 = f(c)=L

as required.

1.7 Theorem: The Extreme Value Theorem

The Extreme Value Theorem says that any continuous function on a closed, bounded interval attains its
mazimum and minimum on said interval.

Let a < b be real numbers.
Let
fila, 0] > R
be a continuous function on [a,b).
Then 3c,d € |a, b] such that:

fe) = inf{f(z) | = € [a, b]}
f(d) = sup{f(z) | = € [a, 0]}

Thus, f is bounded on the interval [a,b]. More importantly, it attains its
minimum value at some ¢ € [a,b], and it attains its mazimum value at
some d € [a,b]. [Theorem 1.14]

The Ezxtreme Value Theorem. We rely on the Bolzano-Weierstrass Theorem:

Every bounded sequence of real numbers has a convergent subse-
quence. [Theorem 1.5]

Moreover, we only prove the existence of the point d where the maximum is attained, as the case for the
minimum is analogous.

Consider the set of all values of the continuous function f:

S=A{f(z) |z €a,b]}
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Clearly the set is non-empty.
Moreover, the set can either be bounder or unbounded.

If the set is bounded, then IM € R, such that supS = M. But then, by the approximation property of
the supremum, for any n € N it is easy for us to find a sequence of points (d,,),d, € [a,b], such that:

1
M — -~ < fldp) <M
But then it follows that:

lm f(d,) =M

n—oo

Alternatively, if S were unbounded, then for any n € N it is possible for us to construct d,, € [a,b] such
that f(d,) > n, which then implies that:
lim f(d,) = o0

n— oo

Either way, we are capable of constructing a sequence (d,,), which is bounded (as ¥n € N, d,, € [a, b]).

Then, by the Bolzano-Weierstrass Theorem, we can construct a subsequence (d,, ) which converges
to some d € [a,b]. We claim that d is the point at which the maximum of f is attained.

Since f is continuous on [a,b], f is continuous at d, so Ve > 0, we can always find some § > 0, such that
if |z —d| <0, then |f(z) — f(d)| < e.

Moreover, since d,,, converges to d, V6 > 0, there exists some IV € N, such that ¥n; > N, we have:

|dp, —d| <6

But using this, it follows from continuity that:

[f(dn,) = f(d)] <1

where we have set € = 1, and this is valid by setting = d,,,. But this then means that:

fldny) < f(d) +1

Thus, we have shown that f(d,,) is bounded. But then, it can’t be the case that ILm f(dy) = o0, so we
must have lim f(d,) = M.
n—o0

Now, by continuity, since we have a sequence (d,, ) such that d,,, — d, it must be the case that:

fdn,) — f(d)

But if a sequence converges, all its subsequences converge to the same point. Since lim f(d,) = M, then
n—oo

also:
fdn,) > M

From the uniqueness of the limit, we then have:
fld) =M

as required.
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2 Differentiability of Functions on R

e When is a function differentiable at a point?

— f is differentiable at a if 3§ > 0 such that (a — d,a + &) C dom(f) and the limit:

i 1) = £(@)

T—a Tr—a
— the value of this limit is denoted as f’(a).

The following are from FPM:

e Differentiability at a Point: let f : I — R be a function, and let
I be an open interval. If xq € I, then f is differentiable at xq if the
following limit is defined:

o @) = Fo)
T—T0 T — Xy
Alternatively, if the following limit is defined:
iy £ @0+ 1) = f(=o)

h—0 h

— we denote the value of the limit with f'(x), the derivative of f at
Zo

e Right-Hand Derivative:
f(ag) =lim, . 8T8 f (g p) 5 R

T—x0

e Left-Hand Derivative:
f(ag) =lim,_, f@=wo) . (g, 2] - R

T—xo
e Derivative as One-Sided Limits: f is differentiable at xq if
f'(zg) = f'(zg)
o Continuity and Differentiability: if f is differentiable at xg, for
xo € I, where I is an open interval, then f is continuous at xg

3 Uniform Convergence

3.1 Pointwise Convergence of Sequences of Functions

e When does a sequence of functions converge pointwise?

— let E be a non-empty subset of R

— consider a sequence of functions:
fn:E—R
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— this sequence converges pointwise on F if and only if

f(@)= lim f,(z)

n—oo

exists for each ¢ € E.

— that is, f,, converges pointwise on E if and only if Ve > 0,Vz € E there is N € N (which
might depend on € and x) such that, if n > N, then:

|fu(z) = f(z)] <&
e If f,, are continuous, and f, — f pointwise, is f continuous?

— Not necessarily. For example, let f,(z) = 2™ on [0,1]. Clearly, if x =1, lim f,(z) = 1. But if
n— oo
z €10,1), then lim f,(z) =0. Thus, each f, is continuous, but f isn’t.
n— oo

Remark. The pointwise limit of continuous (respectively, differentiable) functions is not necessarily
continuous (respectively, differentiable).

Proof. Let f,(x) = z" and set

0 0<z<l
f(m):{l z=1

Then f, — f pointwise on [0, 1], each f, is continuous and differentiable on [0, 1], but f is neither
differentiable nor continuous at z = 1. |

Remark. The pointwise limit of integrable functions is not necessarily integrable.

Proof. Set

£.(2) {l r =2 ¢ Q, if z can be written in a reduced form, where m < n,
n\T) =

0 otherwise,

for n € N and

0 otherwise.

f(:r):{l z€Q

Then f, — f pointwise on [0,1], each f, is integrable on [0,1] (with integral zero), but f is not
integrable on [0, 1]. [ |
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Remark. There exist differentiable functions f,, and f such that f, — f pointwise on [0, 1] but

lim f;(2) # (lim f,(2)) (4)

forz = 1.

16

Proof. Let fn) = == and set f(z) = 0. Then f, — f pointwise on [0, 1], each f, is differentiable

with f!(z) = 2"*. Thus the left side of (4) is 1 at z = 1 but the right side of (4) is zero. |
Remark. There exist continuous functions f, and f such that f, — f pointwise on [0, 1] but
1 1
lim [ fu(z)dz # (lim fn(I)) dz. (5)

Proof. Let fi(z) = 1 and, for n > 1, let f,, be a sequence of functions whose graphs are triangles
with bases 2/n and altitudes n (see Figure 1). By the point-slope form, formulas for these f,’s can

be given by
n’z 0<z<n
@)= 2n—n?z o<z <2
0 2 <z <1
Ay
nl
y=fix)
2 -
—_T T~a =AW
1 - -~
- ! =
i 1 T x
Figure 1

Then f, — 0 pointwise on [0,1] and, since the area of a triangle is one-half base times altitude,
ful fa(z)dz =1 for all n € N. Thus, the left side of (5) is 1, but the right side is zero. ]

3.2 Uniform Convergence of Sequences of Functions

Pointwise convergence is a weak form of convergence, so we define a stronger form.

e What is uniform convergence of functions?
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— let E be a non-empty subset of R.

— consider a sequence of functions:

fn:E—R

— this sequence converges uniformly on F to a function f if and only if Ve > 0, there is an
N € N such that if n > N, then:

[fn(z) = f(z)] <&

and this is true for any z € E
e What is the key difference between uniform and pointwise convergence?

— in pointwise convergence, N could depend on both z and ¢, so for different x we could use
different NV

— uniform convergence requires that one NN is valid for any x
e How can we visualise uniform and pointwise convergence?

— if a sequence of functions are uniformly convergent, they are all around the limit f, plus minus &

— for pointwise convergent sequences, this only happens eventually

f(3e)=x"
a.
[ n
I — 0
a )
[ 4
2| 8
— 8
1} 10
[ — 12
o T

Figure 1: Pointwise convergent: eventually they get close together
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L X
Figure 2: Uniform convergent: functions always within a bound

3.3 Proposition: Equivalent Definitions of Uniform Convergence

Let f,, + E — R be a sequence of functions. Let f : E — R be a function.
Then, the following are equivalent:

1. f, — [ uniformly on £

2. sup|fn(x) — f(z)| = 0 asn — oo
el

e in other words, Ve > 0 we can find some N € N such that if
n > N, then:

sgglfn(w) — fl@)] <e

e here, sup|fn(x) — f(x)| is the sequence formed by:
el

— forn =1, consider the supremum of |f1(x) — f(x)| over all
values of x©

— forn = 2, consider the supremum of |fo(x) — f(x)| over all
values of x

3. there exists a sequence a, — 0 such that for allz € F,
[fu(2) — f(@)] < an
[Proposition 2.1]

Proof. e notice, 1 and 2 are equivalent, because 2 is essentially using the definition of uniform conver-
gence: the only difference is that uniform convergence uses V& € F in the definition, whilst in 2, this
is incorporated by considering the supremum, over all z. Clearly, if the supremum of | f,,(z) — f(z)] is
less than €, then all elements will be less than €, as required.
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e notice, 2 and 3 are equivalent, because a,, — 0, so saying that |f,(z) — f(x)| < a, is essentially the
same as saying that sup|f,(z) — f(x)] = 0
zeE

O

3.4 Theorem: Uniform Convergence of Continuous Functions

Let E be a non-empty subset of R, and suppose f, — f uniformly on

E asn — oo.
If each f, is continuous at some o € E, then f is continuous at xy €
E. [Theorem 2.1]

Proof: Continuity Uniform Convergence. Since f, is uniformly convergent, we know that Ve > 0, we can
pick N € N such that if n > N, then:

[fulw) = J@)| < 5

Moreover, since fy is continuous at xg, pick § > 0 such that if |z — z¢| < J:

|fn(z) — fn(wo)| < %

Finally, suppose that | — xg| < §. Then, by the Triangle Inequality:

If(z) = f(xo)| = [ f(x) — fn(z) + fn(2) — fn(w0) + [y (z0) — f(20)|
<|f(z) = fn(@)| + |fn (@) = fn(2o)| + [ v (20) — f(20)]

< +

Z

M wlm
+
w | m
W ™

where the first and third terms are less than § because of uniform convergence, and the second term is less
than £ from continuity.

Thus, f must be continuous at xg, as required. O

4 Exercises

1. Suppose f: R — R satisfies:
[f(@) = f(y)] <o —y[*
(a) Show that if o > 1, f is constant
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f is constant if f/ = 0. Using the definition of differentiability:

y—x T —y

< o L@ = 1)
yor |z —yl

o

< lim |m y‘
yoz |z —y|

= lim |z —y[*7!
y*)l'

=0

since a > 1

Is the same conclusion valid if =17

If a = 1, then lim |z — y|*~! = 1, and so, we can’t tell whether f is constant or not.
y—x

Prove that £ — 0 uniformly as n — oo on any closed interval [a, 0]

Let f,(z) = £. We want to show that, Ve > 0 we can find some large N € N such that if n > N:

@) =01 = | 5| <&

Notice, since € [a,b], then || must be bounded above by either |a| or |b]. But then, let N =
maxflal b} g, > N
- >

o) 0l = [£] = ] ¢ ooy msio ) _
n n n

as required.

Prove that % — 0 pointwise but not uniformly as n — co on [0, 1]

Pick x € (0,1). Clearly, % — 0: for any x, if n gets sufficiently larger than N(z,¢), f,, will converge
to 0, so it is pointwise convergent.

However, it is not uniformly convergent. For that, we require that Ve > 0, we can find some N € N

such that for any n > N:

1

L —0‘ <e
nx

If f,, were uniformly convergent, the above should apply to any &, so pick e = 1. Then, we should

have that if n > N, for all z:
1

nx

<1

But this is clearly false, as Vn € N we can pick = = %, and the above won’t be satisfied.

Thus, f, is pointwise convergent, but not uniformly convergent.
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3. A sequence of functions f, is said to be uniformly bounded on a set F if there is an M > 0
such that |f,(z)| < M for all z € E and all n € N.

Suppose that for each n € N, f, : E — R is bounded. If f, — f uniformly on F, prove that
f is a bounded function, and that f, is uniformly bounded on E.

Since f,, converges uniformly, there exists some N € N, such that:

[fu() = f2)] <1

for every x € F.

This then means that each fi, fs,..., fy is bounded, say by some M:

M = max sup|fn(z)]

M must be finite, since its the maximum out of a finite set of values. In particular |fy < M|, so using
the Triangle Inequality:

[f(@)] = 1f(2) = fn() + fn(@)] < |f(2) = fn(@)] + [fn(@)] <1+ M
Thus, f bounded. Taking n > N:

[fn(@)| = [fulz) = f(2) + f(@)] < [fulz) = F@)] +[f(2)] <1+1+ M =2+ M

Hence, each f,(z) is uniformly bounded by 2 + M.

5 Workshop

1. True or false.

(a) The series Y ., a, converges if and only if the sequence (a,) is convergent

This is false. a,, = % is a convergent sequence, but >0 | an is the Harmonic Series, which diverges.

T n

Another alternative (from solutions) is a,, = 1, which converges to 1, but Y | a, clearly diverges.

(b) The series Zzozl a, converges if and only if lim, .. a, =0
1

This is false. a, = ;- is a convergent sequence, but >0 | an is the Harmonic Series, which diverges.

(c) The series ) . a, converges if and only if >~ |a,| converges

This is false. If a,, = (_Tll)n, then Y7 | a, converges by the alternating series test, but Y- |a,|

is the Harmonic Series, which diverges.

0 1
n=1 nr

2. Under what condition on p does > converge?

Whenever p > 1 (p-series test)

3. State the ratio test, and explain how it is related to geometric series.
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If a sequence (a,,) satisfies:

Ap+t1
G,

D an
n

lim

n—00

=r<l

then the series:

CONVETGES.

Ifr =1, the test is inconclusive.
Ifr > 1, the series diverges.

This is related to geometric series because if we assume the hypothessis, it can be shown by induction
that when n is large enough:
lan| < As™

where r < s < 1. The test follows by applying the Series Comparison Test alongside the fact that As™
is a geometric series.

. Suppose that ) > a, converges absolutely. Prove that >~ |a,|? converges for all p > 1.

My first instinct with this was “I have no idea”. My second instinct was
to use the ratio test, which worked. The solutions have a very nice alterna-
tive nonetheless.

From the solutions: since Y.~ | a, converges absolutely, then Y > | |a,| converges. In particular, this
means that:

lim |a,| =0
n— oo

which means that 3N such that if n > N:
lan| <1

(this is just using the definition of sequence convergence)

Hence, if n > N, and since p > 1:
|anl? <an]

Hence, we have that:
o0 o0
D lan” < 3 lanl
n=N n=N

so by the series comparison test, Y.~ a,|? converges, as required.

My solution: just apply the ratio test:

|an+1|p

lim
|anlP

n—oo

p
= (lim |an+1|)
n—co  |ay|
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But the absolute convergence of Y | a,, tells us that Y | |a,| converges, so in particular, if we apply
the ratio test, Ir < 1 such that:

lim 7|an+1| =
n—co |a,|

So then we have that:
|an+1|p
|an [P

lim =P
n—oo

Since 7 < 1 and p > 1, we have that r? < 1, so it follows that >~ |a, |’ converges by the ratio test.

. Suppose that 270;;1 a, converges conditionally. Prove that 270;1 nPa, diverges for all p > 1.

For this I tried the ratio test again, and failed. For these sort of ques-
tions, contradiction is the way to go, since there are many ways for as-
sumptions to fail.

Lets assume that for p > 1 the series Z?:l nPa, converges. This then means that:
lim nPa,, =0

n—oo

But now recall that any convergent sequence is bounded, so in particular 3C' € R such that:

C
[nPa,| < C = la,| < —

npb
But then we must have:
o0 o0 1
Sl oy L
n=1 n=1
Since p > 1, by the p-series test the series C' Y | nl—p converges, so in particular by the series comparison

test, Yo, |an| converges, which contradicts the fact that Y - | a, is conditionally convergent. Hence,

if p > 1, the series >~ | nPa, must diverge.

. Let f(z) = 22 when 7 is rational, and f(x) = 0 when z is irrational. Discuss the continuity
and differentiability of f.

The key to this question (at least what allowed me to get to an answer)

was to notice that f(z) = x? evaluates to 0 precisely when x = 0. This
hints at the fact that continuity could be an issue at all points except 0.

Consider z = a # 0. We claim that f(x) is not continuous at a. To show this, it is sufficient to find a
sequence such that x,, — a but f(z,) 4 f(a).

Assume that a is an irrational. Then, define a sequence, with each element x, being the decimal
expansion (to n decimal places) of a. Clearly:

Ty —a
But then, each x,, is rational, so:
f(mn) =T
By properties of the limit:
T2 — a®



Thus:
T, —a = f(z,) — d

Since a is irrational, in particular @ # 0 and a # 1, so a? # a, and so, f is not continuous at any
irrational.

Now, assume that a is rational. Consider the sequence:

1
xn—afﬁ

Each term is clearly irrational, and:
Ty —a

But then:
flxn)=0 = f(z,)—0

Since a # 0, it is clear that wehn a is rational, f is not continuous.

Now, let a = 0. Consider the second definition of continuity, and assume that Ve > 0 we have a § > 0
such that:
|z —0]=|z| < ¢

In particular, define § = /. Now, consider:
|f(z) = fO) = [ f ()]
Now, by definition, f(z) < 22, since f(x) = 2% or f(x) =0, and Vz € R,0 < 22. But then:
[f(2)] < |2 <6® =¢
Hence, it follows that f is continuous at = = 0.
Now, recall that if a function is differentiable at a point, it is continuous there. Taking the contrapositive

tells us that f can’t be differentiable at any point, other than potentially 0. From definition, f is
differentiable at = = 0 if the following limit exists:

i £&) = FO) . f(2)
x—0 z—0 x—=0 X
But now notice that:
(z) _ ?
E A
T T
S0:
lim ﬁ <lmz=0
z—0 X x—0

By Squeeze Theorem, it must be the case that lim,_q @ = 0, thus, the limit exists, and the derivative
of f(x) at 0is 0.

7. True or false.

(a) If f is continuous on [a,b] and J = f([a,}]), then J is a closed, bounded interval

By the extreme value theorem, since f is continuous and defined over an interval [a, b], it follows
that f attains a maximum and a minimum on said interval, so J will be bounded.

The intermediate value theorem then says that f, being a continuous function on a closed, bounded
interval, attains each value in J, so J will be closed.

Hence, J is a closed, bounded interval, so the statement is true.
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(b)

If f, g is continuous on [a,b] and f(a) < g(a), f(b) > ¢g(b) then Jc € (a,b) such that f(c) = g(c)
Define a function h(z) = f(z) — g(x). Then, h(x) is also defined on [a, b], and:

h(a) <0 h(b) >0

In particular, Bolzano’s Theorem tells us that since h is continuous (sum of 2 functions) over a
closed, bounded interval, then 3¢ € (a,b) such that:

h(c)=0 = f(c)—g(c)=0 = f(c)=g(c)

Hence, the statement is true.

Suppose that f,g are defined and finite valued on an open interval I containing a point
a. Assume also that f is continuous at a and that f(a) # 0. Then, g is continuous at a
if and only if fg is continuous at «

The key here is that the product of continuous functions at a point is continuous at said point.
Proof. Let f, g be continuous at a. This means that Ves, e, > 0, we can find d¢,d4 > 0 such that:
[z —a| <ép = [f(x) = fla)| <&

[z —al <dy = lg(z) - fla)] <gy

Now, assume that Ve > 0, 3§ > 0 such that:
|z —al <46

If we use § = min{ds,d,}, then we get access to the continuity conditions for both f,g. Then,
consider

Now, we can pick:

€f = =
2|g(a)l
(here we assume that g(a) is non-zero; if it is, we can just use e; = m)

Moreover, by continuity we can bound f(x). If | —a| < d; then:

[f(@)] < [f(a)l +ef

So we can define: -

2([f(a)l +&5)

gg =
Hence, if |z — a| < ¢:

[f(2)g(x) — fla)g(a)| < |f(x)leg +1g9(a)le < (If(a)| +ef)

— 4
2(1f(a)] +¢5)

so fg is continuous at x = a. O
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This tells us that if ¢ is continuous at a, since f is continuous at a, then fg is continuous at a.
Now, assume fg is continuous at a. Notice, % is continuous, since f(a) # 0, and % is the composition

of 2 functions which are continuous at a (namely f(z) and %) Then, the following is a product of
continuous functions at a:

so g is continuous at a. Hence, the claim is true.

8. State carefully the mean value theorem for a function f:[0,1] — R.

Suppose that f is continuous on [0, 1] and differentiable on (0,1). Then,
dc € (0,1) such that:

pie=TUZTO _ sy o

9. Let f:(0,1) —» R be a function, and let a € (0,1). Match each statement from Group A with
an equivalent statement from Group B.

e Group A
— Ve > 0,36 > 0 such that |z — a| < § implies |f(z) — f(a)| < e
— Ve > 0,V6 > 0 such that |z — a| < § implies |f(z) — f(a)| < e
— Je > 0 such that V§ > 0, |z — a| < J implies |f(z) — f(a)| <€

— Je > 0 and 3 > 0 such that | — a| < 6 implies |f(z) — f(a)| <€

— V8 > 0,3e > 0 such that |z —a| < ¢ implies |f(z) — f(a)| < e

— 36 > 0 such that Ve > 0 such that | — a| < § implies |f(z) — f(a)| <€
e Group B

— f is continuous at a

— f is bounded on (0,1)

— [ is constant on (0, 1)

— There is some neighbourhood of a on which f is bounded

— There is some neighbourhood of a on which f is constant

e “f is continuous at a” is equivalent to “Ve > 0,35 > 0 such that |x—a| < ¢ implies |f(z)—f(a)| < &”:
it’s the definition

e “fisbounded on (0,1)” is equivalent to “Je > 0 such that Vo > 0, |r —a| < § implies |f(z)— f(a)] <
€” and to “V§ > 0,3e > 0 such that | — a| < d implies |f(z) — f(a)| < €”: in the first one we are
saying that there exists a positive number such that no matter how close or far x gets from a, f(z)
is always within a certain distance of f(a), which is the same as saying that for any « € (0,1), f(z)
must be bounded

e “fis constant on (0,1)” is equivalent to “Ye > 0,V > 0 such that |x —a| < § implies |f(z)— f(a)| <
€”: we are saying that no matter how close or far x is from a, f(x) can get as close (or as far) as it
wants from f(z)

e “There is some neighbourhood of a on which f is bounded” is equivalent to “Je > 0 and 36 > 0
such that |z — a| < § implies |f(z) — f(a)| < €”: we are saying that when x is a certain distance
away from a, then f(z) will be at a given distance from f(a) for any such x

e “There is some neighbourhood of a on which f is constant” is equivalent to “3§ > 0 such that
Ve > 0 such that |z —a| < ¢ implies |f(z) — f(a)| < €”: we are saying that there exists a certain
distance, such that if z is within said distance of a, then f(z) can be as close as we want to f(a)
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