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Throughout this, we consider what is known as the trigonometric system on [0, 1]:

¢n(x) _ e271'i'rwc7 newz

1 Trigonometric Polynomials

1.1 Defining Trigonometric Polynomials
e What is a trigonometric polynomial?

— a function of the form: N
f((ﬂ) _ Z Cne27rin:1:
n=—N
where:

* r€R
x*x NeN
x ¢, eC

— since 27T

is continuous Vz € R, so is f(z)
e What is the degeree of a trigonometric polynomial?
— the highest index in the summation (N) (given that ¢y # 0 or c_y # 0)

e What is an alternative way of writing a trigonometric polynomial?

— applying Euler’s Identity:

e = cos(z) + i sin(z)
then da,,, b, € C such that:
N
f(z) =ao+ Z(an cos(2mnx) + by, sin(2mnx))
n=1

— we can define a,, b, explicitly in terms of ¢,:

N
f(l‘): Z cneQTrznm
n=—N

N
. 2minx —2mTine
=co+ Cn€ +c_pe

n=1
N
=co+ Z en(cos(2mnx) + isin(2mnz) + c_p(cos(—2mnx) + isin(—2mnx)

n=1

N
=cp+ Z(cn + c_p) cos(2mnz) + i(c, — c—p) sin(27mna)

n=1

so that:

co, n=20 .
a, = b, =i(c, —c_p
n {cn +c?n’ n 2 1 n ( n 71)

e Are trigonometric polynomials periodic?
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— they are 1-periodic, since:

§ Cn 6271'271 z+1) _ E Cn 2minT 27rzn — § Cn 27rznz —_ J?)

where we use the fact that:

eZTrzn _ ezOn =1

Because of the 1-periodic nature of f(x), throughout we will use L? to
refer to the L* space of 1-periodic functions f : R — C.
The L?-norm can be simplified to be:

1l = / (@) de

Notice, periodicity ensures that integration gives the same result, inde-
pendently of the interval of length 1 which we use to integrate such that,

for example:
[ e |2d:c—/ F (@) da

Ezxplicitly, if we have a L periodic function g(x), and usingy = x — L:

/c " @) do = / " ) i /L " o) de

L y=(c+L)—L
=/ g() d$+/ 9(y) dy
c Yy

=L-L

:/CLg(x)dx-l—/ch(x)d:E
:/OLg(x)dx

Any theory developed for 1 periodic functions can be adapted for L-periodic
functions. For instance, the trigonometric system can be adapted:

1 2min
——e L

VL

to yield L-periodic functions
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1.2 Lemma: Trigonometric Polynomials as an Orthonormal System

The set: A
{627rzmv | nEZ}

forms an orthonormal system on [0, 1].
In particular:

1.
1
. 0 0
/eQmmde:{7 n# Vn € Z
0 ]-7 n =
2. if
N
f(l’) _ Z Cn627rin:c
n=—N

15 a trigonometric polynomaal, then:

1
e = (f) ) = / f(t)e2min

[Lemma 5.1]

The key aim of this whole week is to show that the orthonormal system {e27"® | "€Z} is in fact complete:

An orthonormal system (¢,), is called complete if:

> 1foa)l? = 1I£13

[Definition 5.5]

This is of particular importance, since: if (¢n) is an orthonormal system
in [a,b], define sy = ) cndn. We say the orthonormal system (¢y,) is
complete, if and only if sy — f on L? for any f € L?. [Theorem 5.4]
That s, showing that this system is complete then tell us that we can use
{e2mine | "€ 1 construct series which converge to given functions f on
2.

Proof. The first property relies on standard integration, by noting we can use the substitution y = 2winx
12Tn 0 _

and further using the fact that e =e =1
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The second property uses the orthonormality of the system: just take the inner product of f with ¢,;

orthonormality ensures that ¢, = (f, ¢n).
O

1.3 Fourier Series

e What is a Fourier Coefficient?

— consider a 1-periodic and integrable function f

— if n € Z the nth Fourier Coefficient is:
~ 1 .
fo = (.00 = [ e de
0

— this exists, since f is integrable
e What is a Fourier Series?

— consider a 1-periodic and integrable function f

— its Fourier Series is:

Y f)gu(x) = Y fn)emne

n=—oo n=—oo

— currently, we haven’t established any property of this Fourier Series: we don’t know if it even
converges, or is representative of anything

e When is a doubly infinite series convergent?
— we consider a doubly infinite series:
(oo}
S = Z an,
n=—oo

— the convergence of S can be discussed in 2 ways:

« Convergent: if both >, a, and )~ a_, are convergent (in this case, S is the sum of
the composing series)
* Convergent in the Principle Value Sense: a weaker notion - only require that the
sequence of partial sums:
N
Sn = Z Qn
n=—N

converges (we use this sense when discussing convergence)
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We now define the following sequence of partial sums:

N
Snfl@)= Y f(n)e™
n=—N

Recall, last week we defined the orthonormal projection of a function f
onto an orthonormal system via:

N

sv =Y _(f én)n(x)

n=1

In particular, we showed that sy is the best possible approrimation to f
(in L?). Notice, because of this, we can see that Sy f(x) is precisely the
orthonormal projection of f onto the space of trigonometric polyno-
maals of degree at most N. This is the best possible approzimation, in the
sense that:

\f=Snfllz <|If = gll2

This is some intuitive evidence that a Fourier Series can be thought of
as an appropriate approximation of f (although we still don’t even know if

it converges!).
It 1s important to remark that this is not generally true for other norms
beyond L?.

1.3.1 Exercises (TODO)

1. Show that if a doubly infinite series converges, then it also converges in the principal value
sense.

2. Give an example of a doubly infinite series:
o0
> an
n=—oo
which does not converge, but converges in the principal value sense.

3. Show that if a,, > 0,Vn € Z then:

00
§ ap

n=—oo

converges if and only if it converges in the principal value sense.

2 Introducing Convolutions

2.1 Defining Convolutions

e What is a convolution?

— an operation between functions

— consider 2 1-periodic functions f,g € L?
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— their convolution is defined by:

fglz) = /0 fW)ale —y) dy

— seems overly complex, but it has very nice properties

— think of it like addition or multiplication of functions: a way of combining functions to produce
other functions

2.1.1 Examples: Intuitive Meaning of Convolutions

Convolutions can be thought in 2 senses.

1. If fol g =1, g is used to compute a weighted average of f, centered at x

) t KT\/ Ay

Figure 1: The convolution involves centering ¢g(y) at y = x (so we get g(y — z)), and then multiplying f(y)
by this, effectively weighting f according to g. The integral then acts as taking an average.
In fact, if g = 1, we actually get the average of f.

IfI= [—%, %}, and g = %XI, then ch*g(x) is the average value of f over the interval [z — %, T+ ﬁ]
(the key here is that g is such that fo g =1, so it doesn’t add extra weight, it just redistributes it)

2. In this video, Dr. Peyam discusses how f#g(n) can be thought as a continuous case of multiplication;
in particular, f*g(n) can be thought of as the coefficient of ™ in a polynomial expansion, where n € R

2.2 Lemma: Properties of Convolutions

Let f,g,h € L? be 1-periodic. Then:
1. fxge L?
2. frg=gxf
8. (f+Ag)xh=f*xh+Agxh)
[Lemma 5.2/
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https://www.youtube.com/watch?v=_8LwWEGNyyM

Proof. For the first one, I have a proof, but I am not too sure, so I won’t add it in case it causes confusion.
For commutativity, we note that:
1
fro@) = [ Fwgta—y) dy
0
z=x—(1)
—— [ fa- 290 s
z=z—(0)
x
S CICEREE
r—1
1
— [ o)t -2 d:
0
=gx* f(z)

The last one follows directly from linearity of integration.

3 Dirichlet and Fejér Kernels
3.1 Lemma: The Dirichlet Kernel

¢ Why are convolutions important for the study of Fourier Analysis?

— we can use them to express the partial sum Sy f of a Fourier Series:

N ~ .
Snfl@)= Y fln)emn

Il
[~]=
7 N
o\
2.
kﬁ
—~
s
ml
(]
2
3
<
QU
N<J
~~_
o
[V
2
3
8

Thus, if we define:

It follows that:
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The sequence of functions:

1s called the Dirichlet kernel.
We can write the Dirichlet kernel as:

B sin (27‘(’ (N + %) x)

Dy(z) = :
(=) sin(mx)
[Lemma 5.5]
Proof. Just “follow your nose”.
Notice, we can rewrite:
N 2N
DN(J}) — Z eQTrina: — 6727riNz Z 62771'71:6
n=—N n=0

In this form, we can think of Dy (x) as a geometric series, with first term 1, and common ratio e*™:

2N

DN(.’E) _ e—ZTriN:v Z (62771’9;)"

n=0

Recall the sum of a (finite) geometric series:

Page 9



Thus, we can write:

1— (627rix

1 — e2miz

2N+1
DN(I‘) _ 6727riNz )

e—27rz'Nm _ e27ri(2N+1)me—27riNm
1— eZTriz

e—2miNz _ eQﬂ'i(NJrl)z

1 — e2mix
e—27r1,Nac _ e27erace2mac
1— eZTriz

677”‘1 67271'2’N:r _ eQﬂ'iNzeQTriz

— X -
e—mix 1— e27r1;c
—27riNace—7r'Lx _ e27riNace7rix

e*ﬂ'lfL’ — e‘ﬂ'lﬂ?

(&

672771'(N+%)m o 6271'1'(N+%)m

e—Tr’L(lZ' — eﬂ'l(l}

p2mi(N+3)z _ —2mi(N+3)e

eTiT _ p—miT

But recall the formula (derived from Euler’s Identity):

So it follows that:
sin (27T (N + %) x)

Dn(w) = sin(ma)

as required.
It must be noted that in this form, Dy (0) is undefined; however, if we look at the original formula, we
can see that:

N
Dy (0) = Z e =2N +1
n=—N

which will in fact be the maximum of the function. We can visualise Dy (x):
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Figure 2: As N increases, the frequency of Dy (z) also increases. Moreover, its maximum 2N + 1 will also
increase. The result is taht the sequence gets progressively more squashed towards the center.

3.1.1 Lemma: Integral of Dirichlet Kernel

1
/ Dy(z) dz =1, NeN
0

Proof. This is a straightforward calculation:

/01 Dy(z) de = /01 (n:zN_:N 627rim;> de
N L
£ (o

n=—N

2minx

But recall, by Lemma 5.1, since e is part of the trigonometric system:

1
/ 2Ty = 0, n#0 Vn € Z
0 1, n=0
N

/Ole(m) de = ) (/Ole%m dm) =1

n=—N

Such that:
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3.2 Intuition: Approximations via Dirichlet Kernel
From the above, the Dirichlet Kernel has some nice properties, namely:
o fol Dy(z) dz =1
e most of it’s “mass” gets concentrated on the origin as N — oo

Because of this, it seems reasonable that we can approximate any function f via:

f(z) = [+ Dn(x)

(the convolution acts as a weighted average of f at x; but most of the probability mass Dy (z) will assign
to the value of f at x)

However, Dy (z) has a problem: it is an oscillating function, with oscillations getting very out of hand
as N — oo. In particular this means that for some functions (including well-behaved, continuous ones):

f*Dn(z)

can diverge as N — o0.

3.2.1 Exercises: Cesaro Summation (TODO)

Consider a sequence (a)gen-
It’s Nth Cesaro Sum or Nth Cesaro Mean is the sequence obtained
by taking an average of the first N partial sums of ay:

_ Zf\il S _ Z’f\il 22:1 ak
N N

ON

The series Y o, ai, is called Cesaro Summable to S if o converges to
S < 0.

1. Prove that if a; — L then:

lim &:L

n—oo N
2. Prove that if S =), a; with S < oo, then ) ;- a; is Cesaro Summable to S.

3. Prove that the series ) ;- (—1)*~! does not converge, but is nonetheless Cesaro Summable
to S. Find this S.

3.3 Lemma: The Fejér Kernel

We now introduce the Fejér Kernel. It is constructed by employing Cesdro Sums, with the hopes (well
Justified) that taking the average will smoothen out the oscillations. As we can see, this tends out to solve
our problem, and allow us to prove our claims with regards to the convergence of Fourier Series.
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The Fejér Kernel is the Cesaro Sum of the trigonometric system:

N N n
1 1 ,
K — Dn _ 2mikx
w(@) N+1; (=) N+1;kzz_ne
Furthermore, we have that:
K (z) = 1 1-cos(2r(N+1x) 1 (sin(r(N+1)z))”
MY T oN +1 sin(mx)? N +1 sin(mx)

In particular, this means that Ky (x) > 0 for any x € R. [Lemma 5.4/

Proof. Recall, we have that:

sin (27r (N + %) x)

sin(mrx)

DN(.’B) =

The key is to make use of the following identity:

2sin(z) sin(y) = cos(x — y) — cos(x + y)

This is immediately derived from the use of the sum of angle formulae:

cos(A + B) = cos(A) cos(B) — sin(A) sin(B)

cos(A — B) = cos(A) cos(B) + sin(A) sin(B)

To use it, we require a product of sines, which can be easily achieved (here we assume that z # 0):

sin (27r (N + %) :c)
sin(mrx)
_ 2sin(rz) _ sin (27 (N + 3) 2)

DN(.’L') =

2sin(mzx) 2sin(mz)
2sin(mz) sin (2 (N + 1) 2)
2sin’(mx)
cos (mc — 27 (N + %) CL‘) — cos (71'33 + 27 (N + %) x)

2sin? ()

cos (mx — 2nNx — wx) — cos (mx + 2n Nx + mx)

2sin? ()
cos (—2nNz) — cos (2m(N + 1)x)
2sin? ()
cos (2rNx) — cos (27(N + 1)x)
2sin’(mx)

since the cosine is an even function.

Now, for the Féjer Kernel:

Page 13




Kn(a) = 3 2 Dalw)

n=0

1 N cos (2nNz) — cos 2n(N + 1)z
_ 3 ( ) (27 ( )z)

= —
N+14= 2sin*(mx)
1 N
= cos (2nNx) — cos (2n(IN + 1)z
2sin2(mc)(N+1)n§::O (2rNe) (@m(N +1)a)
1

- (cos (2m0) — cos 2] + cos 2] — cos 7]

2sin’(mz)(N + 1)
+... +wf cos (2m(N + 1)z))
1 —cos(2m(N +1)x)
2sin?(rx)(N + 1)

This is the first of the formulae. For the second one, we employ the identity:
1 — cos(2z) = 2sin?(z)

such that:

_ 1—cos(2n(N +1)x) 2sin?(7(N + 1)z) 1 (sin(ﬂ'(N + 1)m))2

() = 2sin’(rz)(N+1)  2sin’(nz)(N+1) N +1 sin(mz)

4 Approximations of Unity

4.1 Defining an Approximation of Unity
e What is the identity function for the convolution operator?

— if * had an identity g, this would mean that for any 1-periodic function f € L? we would have
that:

1
fro@) = [ fwigta ) dy=fla)
0
— turns out, no such g can exists

Proof. We recall the Riemann-Lebesgue Lemma:

Let (¢n)nen be an orthonormal system, and let f € L?. Then:

[Corollary 5.2]

Now, lets assume that an identity g exists, and consider the trigonometric system. Then:

1 1 1
Pnxg () = gron () = /O Pn(z—y)g(y) dy = ™" /0 g(y)e > dy = ¢ () /O 9W)on(y) dy = dn(x)(g, Pn)



But if g is the identity, then we must have that:
O * g(‘E) = ¢n(x)<ga¢n> = ¢n(x) — <ga¢n> =1

But this contradicts the Riemann-Lebesgue Lemma, so no such g can exist.

e What is an approximation of unity?

— the “next best thing” in terms of having a unity for convolution
— an approximation of unity is a sequence of 1-periodic and integrable functions (k,)nen
— the (kn)nen are such that:
knxf— f
uniformly on R for any 1-periodic and continuous f

in other words:

lim sup|f * kn(z) — f(x)] =0

n=00 zcR

4.2 Theorem: Properties of Approximations of Unity

Let (kp)nen be a sequence of 1-periodic and integrable functions satis-
fying:
1.V € R, k,(z) >0

2.

N =

/_ k(1) dt = 1

1
2

3. ¥ € (0, l} we have that:

2
6
nh_)rgo (/—5 k. (t) dt) =1

Then, (kp)nen is an approximation of unity. [Theorem 5.6]
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The conditions (2) and (3) can be alternatively formulated as:

lim / k() dt | = 0
oo\ Je<t <

1
What these conditions tell us is that approximations of unity:
e are always positive
e have constant area under the curve

e most of the area under the curve is concentrated near the origin
x = 0; alternatively, away from its centre, there is very little area
under the curve

This allows us to get an idea of what approximations of unity look like:

Proof. Consider f which is 1-periodic and continuous. In particular, this means that on [f%, %], fis
bounded and uniformly continuous, so by periodicity, this is the case over all R.

By definition of uniform continuity, 3§ > 0 such that Ve > 0, whenever |¢| < 6 we have that:

[f(x—1t) = fz)| <

N ™

where x € R.

Now, consider the expression:

[ k() — f(x)
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Using the definition of convolution:

£ k() = f(2) = ( [ h®f ) dt) - ()

= ( _E kn(t)f(z —1t) dt) — f(x) : kn(t) dt (by property (2), : kn(t) dt=1)

1
2

Now, we can split this integral into 2 integrals, depending on whether [t| < ¢ or not (since in such a case,
uniform continuity applies, whilst in the other case it doesn’t). Hence, define:

A= kn()(f(z = 1) = f(x)) dt

[t]<6

B= /5 ey F O =)= g at

such that:
f*kn(z)— f(z)=A+B

For A, the uniform continuity condition applies, so we know that:

[f(z—1t) = fz)| <

[\CRNO)

Thus:

Al =

/t OG0 1)

3
< [, olse—-r@i=<3 [

[t|<d

mwﬁgf/ ke (t) dt =
1<

€
1 2
2
where we have used the positivity of &, (t) so that |k, (t)| = kn(t). Overall, we have shown that:

4] < 2

2
Now, we consider B. Notice, since f is bounded, it follows that 3C > 0 such that Vz € R:
[fl@)| <C

In particular, this implies that:

fl@—1) — f@)] < |fl@ - 0] + |/ (@)] <20

Now, recall, by assumption of the theorem we have that:

lim /
n—eo \ Jo<t<

That is, 3N such that whenever n > N, f5<|t|<l kn(t) dt is arbitrarily small. In other words, we can find N
S>3
such that if n > N:

(1) dt) =0

1
2



This means that:

1 4C 2
2

£
B§/5<Itl<é|kn(t)|(f(x—t) <>>|dt<2c/<lt kalt) <20 =

Thus, we have shown that whenever n > N, we have a € > 0 such that

F % kale) — F(a)| = 1A+ B < |4+ B < S + ¢
That is:

[ kn(z) = f(2)

s0 k,(x) is an approximation of unity, as required.

4.3 Corollary: Fejér Kernel as Approximation of Unity

The Fejér Kernel:

Kn(z) = —— f: Dy(x)
N+1

is an approximation of unity.
However, the Dirichlet Kernel is not (it doesn’t satisfy positivity)

Proof. We just need to verify the 3 properties above:
1. Vz e R, ky(x) >0

This follows immediately from the definition of the Fejér Kernel

1
2

Kn(t) dt =1
1

2

This is clear, since we know that fol Dy(z) dz =1, N € N so:

3 LR 1 al
Kn(t) dt = _— D, D,(
- [ S nwa- oy

lim / Kn(t) dt ) =
oo \ Ja<| <l

Recall we can write the Fejér Kernel explicitly as:

1 1—cos(2n(N + 1)x) 1
K = =
n(@) 2N +1 sin(mx)? N+1

sin(m(N + 1)@)2

sin(mx)
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Now, let § € (07 %) and let |z| > 6. Now, we know that Vz € R:

0 < (sin(m(N +1)z))* < 1

1
)2

s

Moreover, on [O, 5}, sin?(z) is an increasing function, so sin®(7z) is increasing on [0 ] In particular,
this means that if |x| > § with —% <z< %, then:

1 1
.2 .2
sin“(mx) > sin“(oxr) — <
(re) 2 (o) sin?(rz) ~ sin?(ox)

Thus, we have an upper bound on Ky (z):

1 sin(m(N + 1)z)\” 1 1
Ky(z) == N+1 ( sin(7x) > = N+1 sin2(7r0)

So then:
1 1 1 1

Kn(t) dt < dt <
/§<|t<% N(t) dt < /5<t|<; N +1sin*(ro)  ~ N+ 1sin®(n0)

which converges to 0 as N — oo.

Hence, it follows that the Fejér Kernel is an approximation of unity.

4.3.1 Exercises (TODO)

1. Show that there exists a constant ¢ > 0 such that:

1
/ |Dy ()| dz > clog(2 + N), VYN >0
0

5 L? Convergence of Fourier Series: The Grand Finale

5.1 Theorem: Fejér’s Theorem

For every 1-pertodic, continuous function f:
Ky*xf—f
uniformly on R as N — oo. [Theorem 5.5]

An alternative statement is that Fourier series of continuous functions are uniformly Cesaro Summable.

Proof. Since the Fejér Kernel is an approximation of unity, by definition:
Kn*f—f

uniformly on R as N — oo
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5.2 Corollary: Corollary of Fejér’s Theorem

FEvery 1-periodic, continuous function can be uniformly approxi-
mated by trigonometric polynomaials.
That is, for every 1-periodic, continuous f, there exists a sequence:

(fn)n

of trigonometric polynomaials, such that:

fo = f

uniformly.

Proof. If we can show that Ky x f is a trigonometric polynomial, then Fejér’s Theorem tells us that:
Kpxf—f
uniformly, as we require.

A trigonometric polynomial has the form:

N
E Cne27mnz
n=—N

We can write Kejér’s Kernel as:
N n

KN .’)3 N+1 Z Z ekax

n=0k=—n
We then compute:

Ko+ f(z /f @ — 1) dt

/ £(t)
N+ n=0k=—n

N+ : Z Z 27rzkx/ f —27Tzkt dt

2nik(x—t) dt

n=0k=—n
N+ : Z Z f 27rik$
n=0k=—n

Now notice, for any n, we have that > ;_ f (k)e? %= is a trigonometric polynomial. It then follows
that K, * f(x) is a finite sum of trigonometric polynomials, so it must also be a trigonometric polynomial,
as required.

O
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5.3 Lemma: L? Convergence of Periodic and Continuous Functions

Let f be a 1-periodic and continuous function. Then, Snf converges
to f on L?. That is:

lim |[Snf— fl2=0
N—00
[Lemma 5.5]

Proof. The notes have a longer, more spectacular proof, but I include a tiny, succint one below too.

Notice, Sy f is a trigonometric polynomial, so by the Corollary of Fejér’s Theorem, we know that:
Snf—=f

uniformly. But then, we show that uniform convergence implies L? convergence, so it follows that

lim [|Snf— fll2=0
n—00

For the proof in the notes we make use of Minkowski’s Inequality:

If f, g € L*([a,b]) then:

If +gll2 < [[fll2+ llgll2

and Bessel’s Inequality:

If (pn)n=12,.. is an orthonormal system on |a,b], and f € L*([a,b]), then:

S UK o)l < 113

Now, consider € > 0. Since f is 1-periodic and continuous, the corollary of Fejér’s Theorem says that we
can find a sequence (py,)nen of trigonometric polynomials such that:

P — f

uniformly. In particular, we can always find a trigonometric polynomial p satisfying:

f@)-p@| <5 ceR
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In particular, and using the fact that we integrate over a unit interval, we know that:

IIf—pllgz\//0 |f(x) — p(z)|? dx<\//0 %dng

Let N denote the degree of p. Since p is a trigonometric polynomial, in particular:

Syp=p

It follows that:
SNf—f=Snf—Snp+Snp—f=5Sn(f—p)+@—f)

Applying Minkowski’s Inequality:
ISnf = Fllz < IS8 (f = p)ll2 + [Ip = fll2
Now consider:

ISngll3 = (Sng, Sng)

N N
< Z g(n)e%rznx, Z g(n)627rz7w:>
n=—N n=—N
N N

<g(n)62ﬂ-inz7 g(kﬁ)eQﬂkI>

[
(]
(]

= Z <g(n)e2”"””,g(n)e2’”"””> (by orthogonality of trigonometric system,)

= > 1gm)P

n=—N

So it follows by Minkowski’s Inequality that:

ISwgllz= | D 19012 < llgll2
nl<N

ISn(f = pll2 < |If = pll2

Hence, we have that:

Thus:
ISNf—fll2 <2|f —pll2<e¢

The assumption that f is continuous can be dropped, since every L? function can be approximated by
continuous functions.
O
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5.4 Lemma: L? Convergence of Periodic Function in >

If f is a 1-periodic L? function, then there exists a sequence (f,)n of
continuous, 1-periodic functions so that:

e = 0
in L?. That is:

[fn = fll2 =0
[Exercise 5.12]

Proof. Hint: First show the claim if f is a step function. Then, use that an L? function can be approzimated
by step functions in the L? norm.

O

The difference between these 2 theorems is that the first on considered
general 1-periodic functions, and showed L? convergence via Sy f.
In this theorem, we specifically consider 1-periodic function in L*, and

show that there is a sequence of periodic functions which produce L? con-
vergence.
In the next theorem, we show that in fact, Sy f are one such sequence

of functions, thus showzng that Fourier Series converge in L* to any 1-
periodic function.

5.5 Theorem: Completeness of Trigonometric System

The trigonometric system is complete:
DA E™ P = 1If113

In particular, as shown in Theorem 5.4, this is true of and only if for any
1-periodic f € L* we have that Sy f = SN f(n)e>™™ converges to f
in L?. That is:

lim [|Syf — fll2=0

N—o0

Hence, the Fourier Series of f converges to f in the L* sense. [Theorem
5.7]

Proof. Let f € L? be 1-periodic, and let € > 0.

By Exercise 5.12 above, there is a sequence of continuous, 1-periodic functions which converge to f in
L?. Pick g such that:

If=gllz<e
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Moreover, since g is continuous, Lemma 5.5 applies, such that:
1Sng = gll2 =0

in L?. In particular, this means that VN > M, we have that:
[Snvg —gll2<e

Now, we can write:
Snf—f=5SNf—5Snvg+Sng—9g+g—f

Applying Minkowski’s Inequality, it follows that:

SN f— flla < [ISvf — Sngll2 + [[Svg — gll2 + [lg — fll2

We know that:

N
ISnf = Sngllz = | D 1(f = 9)m)?
n=—N

So by Bessel’s Inequality, it follows that:

|Snf—Snglla <||f—glla<e

Thus, we have shown that:
SN f = fll2 < 3e

so in particular, Sy f converges to f in L?, so the trigonometric system is complete, as required.

5.6 Corollary: Parseval’s Theorem

Let g, f € L? be 1-periodic.
Then, we have that:

(f,9) =Y f(n)jln)

In particular, this means that:
w A
1715 ="DY_ [f ()P

Proof. Notice that by (sesqui)linearity of the inner product:

(Snf.g)= > fo)e™™ gy = " f(n)g(n)

n=—N

Now consider:

[(Snfr9) = (fr9)l = SN f = £, 9)]
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But by the Cauchy-Schwarz Inequality, alongside the fact that Sy f — f in L2, it follows that

[(Snfr9) = ()l < IKSn f = Fll2llgll2 = 0

Hence, we have that:

(Snf.g9) = (f,9)

So in particular:

(fog) =Y fnin)

n=-—oo

5.6.1 Exercises (TODO)

1. Let f be the 1-periodic function satisfying f(z) = z,z € [0,1). Using Parseval’s Theorem,
derive the formula: -

>a=%

2
n 6
n=1

2. Using Parseval’s Theorem for a suitable 1-periodic function, determine the value of:
o0

Z 1

4
n
n=1

6 Workshop

We say that the series:

o0
Z s a, € C
n=0

is Abel summable to S if the series:

(o)
A(r) = Z a,r"
n=0
converges for everyr € (0,1) and:

lim A(r) =S

r—1-

1. We now prove Abel’s Theorem:

If the series Y >, a, converges to S, then it is also Abel summable to
S.
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(a)

Show that for complex numbers ag,...,ay,bg,...,bnN:

N

N—
Z(an - an—l) n — aNbN Z n - n+1

n=0
‘We can think of this as summation by parts.
We expand the sum, with a_; = 0. Then:

N
> (an = an—1)bn = (ag — a_1)by + (a1 — ag)by + (a2 — ar)bz + ... + (an—1 — any—2)by-1 + (any — an_1)by
n=0
= agbg + a1b1 — apby + agby —a1by + ... +an_1bny—1 —an—_2by_1 +anby — an_1bn
= ao(bo — bl) —+ al(bl — bg) 4+ ...+ aN_l(bN_l — bN) +anby
N-1
=anby + Z an(bn - bn+1)
n=0
If:
Sp = Z ag
k=0
show that:

N N-1
g anr™ = sy + (1 —7) E Spr"
n=0 n=0

This is a clear example of an easy question with good exam technique. For
some reason, I completely ignored what we just showed above, and pro-
ceeded to prove this by induction, which is completely unnecessary.

Notice, we can write:
Qp = Sp — Sn—1, ag = So

Then, applying summation by parts:

N

N N-1 N-1
doanr™ =D (sn—sno)r" =snrY £ 3 (" =) = sV £ (1) Y ser”)

n=0 n=0 n=0 n=0

For r € (0,1), show that A(r) = (1—7)> 2 s,r". To conclude, show that Ve > 0 there
exists 6 > 0 such that if 1 —r < ¢§ then:

|A(r) — S| < e

This becomes straightforward once we realise that:

(e¢] [o¢]
Zark: = (1-7r) Zrk
k=0

k=0
as this allows us to apply the fact that that s,, — S. Failing to realise this
makes it extremely hard to prove.

Page 26



Notice:
N-1
_ N _ n
_1\}1_21(1)05 anr" —nh_>rr;C (sNr +1-7) Eﬁosnr ))

Notice, since s,, — S, we have that sy is bounded; since r € (0, 1), it follows that syr®¥ — 0, and

SO:
oo

A(r)y=>1-r) Z Spr™

n=0
as required.
Moreover, we have that s, — S, so Ve > 0, we can find N € N such that if n > N then:

[sn — S| < e

Now, consider:

|A(r) — S| = (1—7“)25717‘”— = (1—T)an7“ (1-r7) ZST" = 1—T)Z(sn—5)r"
n=0 n=0 n=0

Now, we can split the summation:

(1—7‘)Z(sn—5)r" S(I—T)Z|sn—5|r (1—1) <Z|3,L—Sr + Z —S|r”>
n=0 n=0 n=N+1

By convergence of s, it follows that:

oo (o)
(I—=r) Z |sp, —SIr" < (1—7) Z glsy, — Slrt =¢
n=N+1 n=N+1

Hence, we have that:
N
[A(r) =S| < (1=7) Y |sn—SIr" +¢
n=0

But since ETJLO |sn, —S|r™ is a finite sum, it is finite, and so, if 1 —r < §, with § small enough (that
is, by making r as close to 1 as possible), it follows that we can ensure that:

N
(1—T)Z|Sn—5|7’n <e
n=0
Such that:
|A(r) — S| < 2¢
and so:
A(r) — S

as required.

2. For each of the following, decide if the series is Abel summable and if so, compute the
corresponding limit:

() X (1) =1—-1+1—1+...

We have: - -
A(r) =Y (=1 = (=)
n=0 n=0



This is a geometric series, with first term 1, and common ratio —r. Since r € (0,1):

We still don’t know the value of the Abel summation: we need to take a
limit!

Taking the limit:
1 1
lim A(r) = 1 ==
'rigl* (7") rigl* 1 +7r 2

Hence, Y ° (—1)" is Abel summable to %
(b) (- =—1+2-3+4+...

This is quite tricky, and it requires some ingenuity.

We have: -
A(r) = Z(—l)"nr”
n=0
Notice, if we define:
£ =3 (1"
n=0

we have a power series. We can compute its radius of convergence:
‘ (_1)%+1T7L+1

e
SO we require:
Ir] <1
Hence, f(r) will be differentiable on (0,1), and we can obtain the derivative by termwise differen-
tiation: -
Fr) = S ()t =
n=0

Hence, we have that:

Now, notice that:

- n,n __ 1
)= S =
s0: J . .
103 ()~
Thus: r
A(T) - Tf (T) = 7(1 + 7”)2
so A(r) converges, and:
r 1

Hence, Y_>7 ,(—1)"n is Abel summable to —3.
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(¢) o o(=1)m2" =1—-2+4—-8+...

We have: - -
A(r) =) (=12 =Y (=2r)"
n=0 n=0

This only converges when:

1
|[—2r|<1 = \7’|<§

so A(r) won’t converge Vr € (0,1). Hence, Y ,(—1)"2" is not Abel summable.
(d) g l=14+1+1+1+...

We have:
= 1
A = n—
(= 1"=1—
n=0
But notice: )
lim A(r) = lim =
r—1- r—1-1—17r

so the limit is not finite, and so, >~ ;1 is not Abel summable.

Recall, the Fourier Series of a 1-periodic function f is given by:

oo

Z f'(n)e%rinw

where: .
r _ —27int d
fo) = [ s ar

A Fourier Series is Abel summable if:

Acf@)= ) flr)rirlermne

converges ¥r € (0, 1), and the limit:
lim A, f(x)

r—1-

exists.

3. Show that if f is integrable, then the series defining A, f(z) converges absolutely Vr € (0,1)
and Vz € R. You might want to use the fact that:

|f(n)] = /Olf(t)emm dt‘ < /01 [F ()] dt
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Consider:

i ‘f(n)r|n|62ﬂ'inz < i /1 f(t) dt r‘”||e2mm|
n=-—oo e oo 170
-y / 7ty di] i
ne—oo 140
= /lf(t) dt i PInl
0 S

1 . . .
Jo F@®) dt’ < 00. Moreover, > .o "l is a convergent geometric series, so

n=—oo n=—oo

Now, since f is integrable,
it follows that:

rinl < 0o

and so, A, f(x) is absolutely convergent.

In the solutions, they use power series. In particular, they use the fact that:

1
2wine — P d
e =1 | fn)] < / 0] de

so the radius of convergence of:
o0 o0
Z f-(n)rne%rinm Z f(in)rnefwrinw
n=0 n=1

will be 1, and so, both are absolutely convergent for r € (0, 1), implying that:

oo

Z ‘f(n)r|n|627rinm

n—=—oo

is absolutely convergent Vr € (0,1).

4. (a) Show that for all integrable f with r € (0,1) and = € R, we have:
A f(z) = (f* P)(z)

where:

oo
Pr(.’lﬁ): Z T|n|e2mnx

n=—oo

Notice, P.(z) is an absolutely convergent series. It is known as the Poisson kernel.
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From definition:
o0

Afl@)= Y flyrhlemne

n=—oo

oo

_ Z </1 f(t)6727rint dt) 7,,|n|€27rin:v
0

n=—oo

oo

1
Z / f(t)e—27rintr\n|627rinm dt
0

n=—oo

) 1
Z / f(t)e27rin(a:7t)7,|n\ dt
0

n=—oo

Now, recall:

Suppose f, is a sequence of functions, each of which is integrable on
some 1.

If:

nf;/lifmoo

(the sum of integrals of each function in the sequence is convergent)
and f is a function on I, such that,

f@)=> fal®)

for any x, such that Y " | | fo(z)| < 00, then f is integrable on I, and
its integral 18:
/f = Z/fn <00
I -
[Theorem 4.3]

9this is just saying that we require the z to be such that the sum converges (to f)

Indeed, we have that:

0o 1 (eS)
Z / |f<t)e27rin(:c—t)r\n|| dt = Z r|n\
0

n=—oo n=—oo

/Olf(t) dt’ _ ’/Olf(t) dt

since ‘fol f@) dt’ is finite, and S°°7 "l dt is a geometric series with |r| < 1.

n=—oo

Hence, the theorem applies, and we can swap the integral and the summation:

Acf@) = [ 5 3 @il = (14 P ()

n=—oo

as required.
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(b) Show that:
1—r?

Pr = s
(z) 1 —2rcos(2mx) + 12

Vr e (0,1)

Since P,(x) is absolutely convergent, we can “choose” the order of summation, and so:

oo oo oo ) )

i ; _omi i\ T _omiz\ T

Pr(af) — E r\n|627rmuc — 2 Tn€27rzn3: + E re 2minx _ E (7“627rm) + § (7"6 27r1x)
n=-—oo n=0 n=1 n=0 n=1
These are 2 geometric series, with common ratio less than 1, so:
1 ,re—27rix
by (x) = 1 — re2miz + 1 — pe—2miz
1— Te—QTri:c 1 1— TeQTriz re—Qﬂ'im

1 — re—2miz | _ pe2miz 1 — re2miz | — pe—2miz
1— 7,6727!‘1-1‘ + T6727ria: _ T2
1— ,r-(eQTria: + 67271'2@) + r2

1—7?

1 —2rcos(2mz) + r?

as required
(c) Use:

Let (kp)nen be a sequence of 1-periodic and integrable functions satis-
fying:
1.V €R, k,(z) >0

2. 1
/2 kn(t) dt = 1

1
2

3. Vo € (0, l} we have that:

2
é
lim ( / kn(2) dt) =1
n—o00 5

Then, (kn)nen is an approximation of unity. [Theorem 5.0]

to show that P, (z) with r, =1 — %ﬂ provides an approximation of unity.
Notice:

1-r2>0 1—2rcos(2mx) +1r*>1—-2r+r>=(1—-7r)>>0 Vr e (0,1)

and since:
1—r2

P.(z) =
() 1 —2rcos(2mz) + r?
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it follows that P.(z) > 0 as required.
Moreover:

1 1 oo
P.(z) dx :/ rlnle?mine gy,
J gp>

n=—oo
oo 1
— § r\n|/ e27rznac dz :ro
n=-—oo 0
=1

since fol e2™"% dy is non-zero only when n = 0.
For the third property, we use the alternative form, and we try to show that:

lim /
n—roo \ Jo<|t<

Consider 0 < § < . Then, if § < |z < § (that is, either = € [6, 3] or € [—3,—6]). Then.

P (1) dt) ~0

1
2

1—72 1—7r2

= <
1—2rcos(2mz) +12 1 — cos(2mx)

P.(x)

since:

1 — cos(2mz) < 1 — cos(2mx) + 2

We can plot 1 — cos(27z) for x € [—0.5,0.5):

9l i lil—cos(Qﬂ'a:) ‘

0.5} |

0 [ |
| | | |

|
-06 —-04 -0.2 0 0.2 0.4 0.6

Now, if x € [(5, %], we can see that no matter what § we pick, 1 — cos(27z) will be increasing, and
s0:
1 —cos(2mx) > 1 — cos(274)

Similarly, if z € [—4,—0], we have that 1 — cos(2mz) is decreasing, and so, no matter what & we

PRl
pick:
1 —cos(2mzx) > 1 — cos(2m(—0)) = 1 — cos(279)

. . 1 .
Thus, for any z satisfying § < |z| < 5, we have that:

1 —cos(2mzx) > 1 — cos(2m9)
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and so for these z:
1—r2 1—r2

<
1 —cos(2mz) — 1 — cos(2md)

P.(z) <

Thus:

_ _ 1—r? o ((A=20)1—-712)
| P ! g = dim (Tl
oo </5§|t§; () dt) < i </6St§§ 1 — cos(2m0) dt) 300 < 1 — cos(27d) 0

where we use the fact that lim,, ., 7, = 1.

Consider a sequence (ay)gen-
It’s Nth Cesaro Sum or Nth Cesaro Mean is the sequence obtained
by taking an average of the first N partial sums of ay:

_ Zf:l S _ Zz]\il 22:1 Ak
N N

The series Y o, ai, is called Cesaro Summable to S if o converges to
S < oo.

ON

5. Prove that if 220:1 ar is summable to S, then 2;0:1 ar, is Cesaro summable to S.

Define s,, = >, _, ax. Since s, converges, in particular:

1. s, is bounded: IM € ZT :Vn €N : |a,| < M
2.Ve>0,3INeN :¥Yn>N = |5, -85 <3

We claim that w — a so, by the definition of the limit, we require that:

S1+ 82+ ...+ 8,
n

Ve >0, IN*eN : Vn>N* — —S|<5

Now, let:

N _maX{N,‘*M“VU}

€
and let n > N*.

Using the triangle inequality, we can split the LHS into 2 summations: since we are considering n > N*,
in particular n > N, so we can have one summation with terms (s;)1<i;<n, and another one with terms

(Si)Ngigni

S1+s9+...+ 8,
n

[(s1 =5) + (s2 = 5) +... + (sn = I)|

— 3|~

g5\31—S|+|52—S|+...+|sn—S|
1 N-1 n
i=1 i=N

Now, since s,, is bounded, its limit is also bounded, so IM € Z*:

VieN, |s;] <M and |S|<M
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For i < N, the largest possible value of |s; — S| must be 2M (for example if s; = M,S = —M). This
also follows from the triangle inequality (|s; — S| < |s;| + S| < M + M). Thus:

N-1
> fsi— S| < 2M(N —1)

=1

For i > N, we can impose a tighter bound, as we know that Vi > N, [s; — S| < §, so:

zn:|s'_s|<a(n—N+1)
i=N Z 2

Thus, it follows that:

N-—1 n
1 2M(N —1 -N+1
S s =S+ Y s - 81 < -1, - N+1)
n\ = = n 2n

SincenZNﬁtheneithernZNZ%ornZ%ZN.

AM(N—
g

Since n > 1), then:

OM(N —1) _2M(N—-1) e
n S Tameen g

Moreover, sincen — N+1<n — T“TNH <1 then:

eln—N+1) e
S A
2n -2
By choosing n > N*, we thus ensure that:
+ 82+ ...+ 1
et g -5k - S) k(0
n n
1 N-1 n
. (Z |5iS+ZSiS|>
=1 =N
- 2M(N —1) +5(n—N+1)
n n
<E.€
-2 2
=c

Thus, Ve > 0, IN* € N such that for all n > N*:

S1+ 8+ ...+ 8,
n

—Sl<e

By the definition of the limit, it follows that:

S1+ S+ ...+ 8,
n

=0,— S

So >"p2, ay is Cesaro summable to S, as required.
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6. Prove that the sum Z,;“;O(—l)k does not converge, but is Cesaro summable to some limit
S, and determine S.

The key here is to find a formula with which to define the sequence of par-
tial sums.

Looking at partial sums:

We can write this as:

since when n is odd, we get s, = 0, and if n is even we get s,, = 1.

Notice, s, diverges, since lim,_, . (—1)" is undefined. However:

H=D)"+ 1)+ N +1
2(N +1)
1 (- +1

2 TuNv T

Hence:

i I 1 (-D"+1 1
1m = um = —_— = —
N—oo IN+1 N—oo 2 4(N + 1) 2

SO 22020(—1)’“ is Cesaro summable to %

As an alternative, one can notice that in the partial sums, only the even terms contribute to sq + s1 +
...+ SN, so:

N
Sso+s1+...+tsy=1+ ?

So then:

1+ 8] _1+% N+2 1
ON41 = L?J < 2 _ + 1
N+1 N 2N 2
However, I feel that this is less rigorous.
7. Show that if >~ a; is Cesaro summable, then:

. (275
lim — =0
n—oo n

Page 36



Since the series is Cesaro summable, in particular oy converges, and so, it must be Cauchy. This means
that:
ON —ON—-1 — 0

But we compute:

N N-1
Zn:l Sn _ Zn:l Sn

ON —ON-1—

N N -1
N DY s - NEN
N(N—l)
:NZLSn—an NZn 13n
N(N-1)
_NsN—Zgzlsn
~ N(N-1)
_ (N_l)SN—EnN:_11 Sn
B N(N —1)
:SiN_UN—l
N N

Notice, since o converges, in particular it is bounded, so:

ON-1
N

—0

But then:
s

oN —0n_1 — 0 <— WN—)O
In particular, this again means that % is Cauchy, so:

SN SN-1 N
N N-1

But we compute:

SN SN-1 _ 25:1 an 27]:[:_11 Qnp
N N-1 N N -1
_(N—l)zn lan—NZ lan
N(N—l)
N
:Nznzﬂln*Z = NZn 10‘”
N(Nfl)
_NaN—Zlean
~ N(N-1)
(N - Day — Zg;ll an
N(N -1)
:aﬂ_ SN—1
N N(N-1)

We know that 3F= — 0 so NS(JX,‘jl) — 0, and so:

SN—1 an
-0 <<= ——>0
N

°N
N N-1

as required.
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8. Give an example of a series which is Abel summable, but not Cesaro summable.

We saw above that > >~ (—1)"n is Abel summable. However, it won’t be Cesaro summable. If it were,
then:

but:

which doesn’t even converge.

9. Show that if a series is Cesaro summable, then it is Abel summable (to the same value).

Let Y7, a, be Cesaro summable, and assume that:
ON — 0

If not, we can modify a; so that this is the case, since:

N N
oN = Zn:l Sn — Na’l + Zn:l 22:2 ak =a +

N N

N n
D1 Do Ok
N

so modifying a; accordingly ensures that we can make oy converge to 0.

Now, consider the series:
o0
= E anr"
n=1

this will converge for r € (0,1).

Moreover, from 1)b) above:

o0 o0
Z anr (1—-7) Z Spr"
n=1 n=1
which further implies:
o0 o0
Z Sprt=(1—1) Z no,r
n=1 n=1

Hence:
o0 o0
= Z anr™ = (1 —7)? Z no,r"
n=1 n=1
Since o, — 0, it follows that Ve > 0 9N such that if n > N:
lon| < e

Then:

()] = |(1-7) Zmn

. . o 0 n : / _ o0 n—1 ;
Notice, if we let f(r) =3~ v, 7", we have aconvergent power series, so f'(r) =Y "y, nr" ' is also
a convergent power series, and:

(o)

Z nr"

lfr)in|crn|r < (1-17?) (Znonr + Z nsr)

n=1 n=N+1

n=N+1
But: v oo (NHDPNA =) N /N~ Nr 1
[ =1= = f'(n= (172 - ((17“)2>
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Thus:

oo
1=r? > ner”=er™(N-Nr+1)<e
n=N+1

N . . .
Moreover, >~ | n|oy,|r™ is a finite sum, so if we make 7 as close as we want to 1, we ensure that:

N
(1—r)? Z njo,|r" < e
n=1
Thus, we ensure that:
|A(r)] < 2e
S0:
lim A(r) =0

r—1-

as required.

10. Prove the following Theorem of Tauber:

If >~ | ay, is Abel summable to S and:

na, — 0

then'y o a, = S.
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https://en.wikipedia.org/wiki/Alfred_Tauber
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